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The theory of magnetic symmetry in quasicrystals, described in a companion pa- 
per [Acta Crystallographica AXX (2003) xxx-xxx], is used to enumerate all 3- 
dimensional octagonal spin point groups and spin space-group types, and calcu- 
late the resulting selection rules for neutron diffraction experiments. 
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1. Introduction 

We enumerate here all three-dimensional octagonal spin groups 
and calculate their selection rules for neutron scattering, based 
on the theory developed in a companion paper (Lifshitz & Even- 
Dar Mandel, 2003) where we have provided the details for the 
extension to quasicrystals (Lifshitz, 1998) of Litvin and Ope- 
chowski's theory of spin groups (Litvin, 1973; Litvin & Ope- 
chowski, 1974; Litvin, 1977). We assume the reader is familiar 
with the cmpanion paper, where we have also given experimen- 
tal as well as theoretical motivation for carrying out a system- 
atic enumeration of spin groups for quasicrystals. This is the 
first complete and rigorous enumeration of spin groups and cal- 
culation of selection rules for any 3-dimensional quasicrystal. 
Other than the pedagogical example of 2-dimensional octago- 
nal spin groups given in the companion paper, past calculations 
are scarce. Decagonal spin point groups and spin space-group 
types in two dimensions have been listed by Lifshitz (1995) 
without providing much detail regarding the enumeration pro- 
cess. All possible lattice spin groups for icosahedral quasi- 
crystals have been tabulated by Lifshitz (1998) along with the 
selection rules that they impose, but a complete enumeration 
of icosahedral spin groups was not given. We intend to continue 
the systematic enumeration of spin groups in future publications 
by treating all the other common quasiperiodic crystal systems 
(pentagonal, decagonal, dodecagonal, and icosahedral), though 
we shall not provide complete details of the calculations as we 
do here. 

I Although the enumeration in three dimensions is more elabo- 
rate, it proceeds along the same lines as the two-dimensional ex- 
ample given in the companion paper (Lifshitz & Even-Dar Man- 
del, 2003). Familiarity with the calculation of ordinary (non- 
magnetic) octagonal space groups (Rabson et ai, 1991) may 
also assist the reader in following the calculations performed 
here, although knowledge of that calculation is not assumed. 
We begin in Sec. 2. with a description of the two rank-5 octag- 
onal Bravais classes, a reminder of the octagonal point groups 
in three dimensions (summarized in Table 1), and a summary 
of the effect of the different point group operations on the gen- 
erating vectors of the two lattice types (Table 2). In Sec. 3. we 
enumerate the octagonal spin point groups by noting the restric- 
tions (summarized in Table 3), imposed on their generators due 
to the isomorphism between G/Ge and T/F^. We then proceed 
to calculate the phase functions associated with the generators 



of the spin point groups by making use of the group compati- 
bility condition 



(1) 



We begin this in Sec. 4. by calculating the gauge-invariant phase 
functions OJ(k) associated with the lattice spin group F^.. We 
then choose a gauge by a sequence of gauge-transformations 
which we describe in Sec. 5.. We complete the calculation of the 
remaining phase functions, separately for each octagonal point 
group, in Sec. 6.. The resulting spin space groups are listed, by 
point group and lattice type, in Tables 4-19, using a generalized 
format in which we do not explicitly identify the spin-space op- 
erations that are paired with the generators of the point group. 
In Sec. 7. we complete the enumeration, by making this ex- 
plicit identification, and introduce the notation used for octago- 
nal spin space groups. The actual identification of spin-space 
operations is given in Appendix B. which is not included in 
this publication but can be obtained via... [PRODUCTION ED- 
ITOR: please indicate how one can obtain this appendix.]. We 
conclude in Sec. 8. by calculating the selection rules for neutron 
diffraction experiments, imposed by the different octagonal spin 
space-groups, which are summarized in Tables 20-24. 

2. Background for the enumeration 

2.1. Three dimensional octagonal Bravais classes 

Recall that all rank-5 octagonal lattices in three dimensions 
fall into two Bravais classes (Mermin et ai, 1990). Lattices of 
both types contain a two-dimensional rank-4 horizontal sublat- 
tice in the plane perpendicular to the unique vertical 8-fold axis. 
The horizontal sublattice can be generated by four wave vectors 
b*'^ . . . b'"*^ of equal length, separated by angles of j (as shown 
in Fig. 1). Throughout the paper we denote horizontal generat- 
ing vectors and their negatives by b''', where the index / is taken 
modulo 8, and b<'' = -b*'""*' if ; = 5, 6, 7, or 8. 

If the fifth generating vector c — which must be out of the hor- 
izontal plane — is parallel to the 8-fold axis, the lattice is called a 
vertical lattice or V-lattice (also called a primitive orP-lattice). 
In this case we write c = z, to emphasize that it is parallel to 
the 8-fold axis, and call c a vertical stacking vector, since the V- 
lattice can be viewed as a vertical stacking of horizontal planes 
containing 2-dimensional rank-4 octagonal lattices. 
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If the fifth generating vector c contains both a vertical compo- 
nent z and a non-zero horizontal component h, then it is called 
a staggered stacking vector, and the lattice is called a staggered 
lattice, or 5-lattice. One can show (Mermin et ai, 1990) that to 
within a rotation of the lattice, or the addition of a horizontal 
lattice vector, the horizontal shift can be taken to have the form 

h=i(bW+b(2)+b(3)-bW). (2) 

As shown in Fig. 1, h hes halfway between the generating vec- 
tors b''^ and b'^\ Both lattice types are periodic along the verti- 
cal axis with a period of one layer for V-lattices and two layers 
for 5-lattices. 

2.2. Three dimensional octagonal point groups and their 
generators 

There are seven octagonal point groups (geometric crys- 
tal classes) in three dimensions, one of which (8ot2) has two 
distinct orientations with respect to both types of octagonal 
lattices, giving rise to the eight octagonal arithmetic crystal 
classes, listed in the first column of Table 1 . The point group 
generators, listed in the second column of the Table, are an 8- 
fold rotation rg, an 8-fold roto-inversion = jVg (where i is 
the three-dimensional inversion), a horizontal mirror h whose 
invariant plane is perpendicular to the the 8-fold axis, a vertical 
mirror m whose invariant plane includes the 8-fold axis, and a 
2-fold (dihedral) axis d perpendicular to the the 8-fold axis. The 
effect of these point group operations on the generating vectors 
of the two lattice types are summarized in Table 2. 

As shown in Fig. 1, the invariant planes of the vertical mir- 
rors and the axes of the 2-fold rotations can be oriented either 
along (labeled m and d) or between (labeled m' and d') the 8- 
fold star, formed by the generating vectors of the octagonal hor- 
izontal sublattice and their negatives. The point group 8m2 has 
four mirrors and four 2-fold axes. If the mirrors are of type m 
(along the star vectors) and the dihedral axes are of type d' (be- 
tween them) it is denoted by 8m2. If the mirrors are of type m' 
(between the star vectors) and the dihedral axes are of type d 
(along the star vectors) the point group is denoted by 82ot. 

3. Enumeration of spin point groups 

As generators of the spin point group Gs we take the generators 
of the point group G, and combine each one with a represen- 
tative spin-space operation from the coset of F^. with which it 
is paired, as listed in the second column of Table 1. The spin- 
space operation paired in the spin point group with the 8-fold 
generator rg or fg is denoted by 5, the operation paired with the 
vertical mirror m by ^,, the operation paired with the horizontal 
mirror h by 77, and the spin-space operation paired with the di- 
hedral rotation d is denoted by a. To these generators we add 
as many generators of the form (e, 7,) as required, where 7, are 
the generators of F^ (three at the most). 

We begin by listing in Table 3 all the normal subgroups 
of the seven octagonal point groups, along with the resulting 
quotient groups G/Gf The constraints on the operations 5, ji, 
Tj, and a due to the isomorphism between G/G^ and F/F^., are 



summarized in the last column of Table 3. The actual identifi- 
cation of these spin-space operations is done at the last step of 
the enumeration process, as described in Sec. 7.. 

4. Enumeration of lattice spin groups Fg 

We calculate the phase functions <I>J(k), associated with ele- 
ments in the lattice spin group F^ — ^keeping in mind that Fg is 
abelian, and that no two phase functions 'I>J(k) are identical — 
by finding the solutions to the constraints imposed on these 
phase functions by all the other elements ct G F, 

V7 € r„ {g, a) e Gs : 4>J(k)=4>-^^" (^k), (3) 

by applying the group compatibihty condition (1) to the rela- 
tion geg^^ = e, where g is one of the point group generators rg, 
fg, m, h, and d. The constraints imposed by the different opera- 
tions (J are calculated in Appendix A. of this paper which can be 
obtained via.... [PRODUCTION EDITOR: please indicate how 
one can obtain this appendix.]. 

The results of these calculations are used below to enumerate 
the lattice spin groups and calculate their phase functions. We 
also introduce a notation — to be used in the final spin space- 
group symbol — that encodes the the values of these phase func- 
tions. In this notation the symbol of the lattice spin group F^ 
is added as a superscript over the lattice symbol (unless Fg is 1 
or 1'). In addition, for each spin-space operation 7 in the sym- 
bol for F,, (with one exception when these operations are 2| 
and 2|, as noted below) we add a subscript to the lattice sym- 
bol describing the sublattice of L-y, defined by all wave vectors 
k for which <I>7(k)=0, with an additional index whenever this 
sublattice does not uniquely describe the phase function. The 
results of this section are summarized in the left-hand sides of 
Tables 20-23 and in the headings of Table 24. 

There are a few cases in which the zeros of the phase func- 
tions, associated with the operations 2| and 2|, define a pair of 
rank-5 tetragonal sublattices related by an 8-fold rotation. Each 
wave vector in these tetragonal sublattices can be decomposed 
into the sum of two vectors, one belonging to a 3-dimensional 
rank-3 tetragonal lattice of type P or 7, and the second belong- 
ing to a 2-dimensional rank-2 square lattice. If the squares of 
the rank-2 lattice are aligned along the same directions as the 
squares of the rank-3 lattice then we denote the combined rank- 
5 lattice by P+p or I+p; if they are aligned along the diago- 
nals of the rank-3 lattice we denote the combined rank-5 lattice 
by P X p (a lattice that does not occur here) or Ixp. This is 
somewhat of an ad hoc notation for rank-5 tetragonal lattices 
as compared, for example, with the notation used by Lifshitz & 
Mermin (1994) in their enumeration of the analogous hexago- 
nal and trigonal lattices of arbitrary finite rank. Nevertheless, it 
is more compact and sufficient for our current purpose. Since 
the pair of sublattices, associated with the operations 2| and 2^, 
are identical (to within an 8-fold rotation), and the different as- 
signments of the two sublattices to the two operations are scale 
equivelent, we denote their symbol only once. 

In all that follows we write (S>'^{b'-'^)=abcd instead of 
fully writing <I>T'(b<'')EEfl, 4>J(b<^')=fe, 4>J(b<^')=c, and 
<I>T'(b*'*')=d; we write <t>2{b'''^c)=abcde to indicate in addition 
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that OJ(c)=e; and occasionally, if the four phases on the hori- 
zontal generating vectors are equal to a we write 3>J(b^'^)=a or 
3>T'(bWc)=ae. 

4.1. r, = 1 

The trivial lattice spin group is always possible. In this case 
every operation in G is paired with a single operation in F. 
The lattice symbol remains the same as for normiagnetic space 
groups: P for vertical lattices, and S for staggered lattices. 

4.2. re = 2,2',l' 

Let 7 denote the single generator (2, 2', or e') of F^. Since 7 
commutes with all elements of F we can infer the possible val- 
ues of the phase function <i>] from results R2, Ml, Dl, and HI 
of Appendix A.. We find that for all point groups G 



<I.7(b«c)E 
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y-lattice, 
^-lattice. 



(4) 



Because 7 is an operation of order 2, the zeros of its phase func- 
tion define a sublattice of index 2 in L. Let us express an arbi- 
trary wave vector in L as k = Ym=i 'Jib''' + Ic. The zeros of 
the first solution <J>7(b'''c)=0i define a vertical octagonal sub- 
lattice, containing all wave vectors with even I, or simply all 
the even layers of L, whether L is a V-lattice or an 5-lattice. 
This solution is denoted on the two lattice types by P^; 
Sj, respectively. The second solution (I>J(b'''c)=|0 on the V- 
lattice defines a vertical octagonal sublattice, containing all vec- 
tors with even X^,ni, and is denoted by Pp. The third solution 
4>J(b''-'c) = |5 on the V-lattice defines a staggered octagonal 
sublattice, containing all vectors with even + ^^d is de- 
noted by f^. If 7 = e' it is omitted from the symbols, yielding 
the same symbols used for the so-called magnetic (or black- 
and-white) space groups (Lifshitz, 1997). The possible phase 
functions for F<. = 2, 2', 1' are sunmiarized in the left-hand side 
of Table 20. 

4.3. Te = 21' 

Here F,, contains three operations of order 2 that commute 
with all the elements of F. For V-lattices, there are 3 ! =6 dis- 
tinct ways of assigning the three different solutions (4) to the 
three phase functions of these operations. These are denoted by 



Pic 'p' Pp]s- Ps2c^ Pp}ic^ Ps% ™d ^2o,.?' where the first subscript 
denotes the sublattice defined by the phase function O^, and the 
second subscript denotes that of <J>^ . These solutions are sum- 
marized in the left-hand side of Table 2 1 . 

For 5-lattices F^ cannot be 21', because there is only one so- 
lution in (4), and therefore there can be only one operation in 
Te that commutes with all elements of F. 

4.4. Te = 222, 2'2'2 

We generate F,. by 2* (2^ or 2^) and 2* (2y or 2(,), noting that 
in the case of F^ = 2'2'2 the unprimed 2-fold rotation defines 
the direction of the z axis in spin space. 

For vertical lattices we see from results M3, D3, and H3 of 
Appendix A. that the operations /j., a, and rj, paired with m. 



21' 



d, and h if they are in the point group, must all commute with 
2| and 2|. It only remains to check whether S, paired with the 
8 -fold generator, commutes with the generators of F^. 

If S commutes with 2| and 2y then again, as in the previ- 
ous section, we have three operations in F^ that commute with 
with all the elements of F, implying that F is orthorhombic and 
not tetragonal. The difference between this case and that of the 
previous section is that here different solutions can be related 
by scale transformations that reorient the directions of the spin- 
space axes. For F^. = 222, all three operations are equivalent so 
we can define the directions of the spin-space axes such that 

<&2^(b«c)^0^, <I>^^Xb«c)^io, <I.2^(b(')c)^ii, (5) 

and denote the lattice spin group and its associated phase func- 
tions by P2cj>s- permutation of the three subscripts in 
the symbol yields an alternative setting for the same scale- 
equivalence class of solutions. 

For Fg = 2'2'2, only the two primed rotations are equiva- 
lent, so we have three distinct solutions, where we choose the 
directions of the x and y axes in spin space such that the phase 
function associated with 2^ is 1/2 on the horizontal generating 
vectors. 



l.O^^(b»c)=0i O^^(b«c)^lo, a.^^-(b«c)^ii; 

2. a.^^(b»c)=oi <&^'-(b«c)^ii, 3.2^-(b»c)^io; 

3. <I..'^(bWc)^io, ^f{h^')c)^^-i, <I>2^(b«c)=oi 

32'2'2 



(6) 



These three solutions are denoted by /'2c ps. ^le s P' Pp^ic 
respectively. Their scale-equivalent forms are obtained by ex- 
changing the first two subscripts: Pp2c% Ps2c P' Pppic^ 

If 5 is a 4-fold rotation or a 2-fold diagonal rotation (requir- 
ing F to be tetragonal) such that (52|(5~' — 2| then according to 
result R4 there are two solutions for the phase functions 

<J>'''(b«c)=O^O^c, 3>'^(b»c)=^0^0c, c^Oori. (7) 

These are interesting solutions in which the horizontal planes 
of the sublattices, defined by the zeros of the phase functions 
associated with the operations 2j and 2*, contain all vectors 

k = X^jLi «ib''' +/c from L with even ^2 +«4, and even m +113, 
respectively. Consequently the two sublattices are not octago- 
nal, but rather a pair of tetragonal lattices of rank 5, related to 
each other by an 8-fold rotation. As described in the introduc- 
tion to this sections, we denote the lattice spin groups in this 
case by Pplp'p^ (c=0) and P^^p^p^ (c=l/2). Note that in both 
cases the sublattice defined by the zeros of the phase function of 
2j is an octagonal V-lattice with a thirmed-out horizontal plane. 

All these solutions on the V-lattice are valid for all octagonal 
point groups because other generators of F, if they exist, impose 
no further restrictions on the phase functions above. 

On staggered lattices (from results R2, Ml, and Dl of Ap- 
pendix A.) only a single 2-fold operation can commute with 
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6, n, or a that are paired with the 8-fold generator, the mirror 
m, and the dihedral rotation d, respectively. These operations 
therefore necessarily exchange the two generators of F^, requir- 
ing r to be tetragonal. On the other hand, (from result H3 of 
Appendix A.) t] which is paired with h necessarily commutes 
with the two generators of Fg. If these conditions are satisfied 
then for all point groups the directions of the x and y axes in 
spin space can be chosen so that there is a single solution for 
the phase functions, 



(8) 



The sublattices defined by the zeros of these two phase func- 
tions are rank-5 tetragonal lattices of type Ixp. One has the 
rank-3 /-lattice oriented in the directions of the x- and y-axes 
and the other has the rank-3 / lattice oriented along the diago- 
nal directions. The sublattice defined by the zeros of the phase 
function of 2^ is an octagonal V-lattice. The lattice spin group 
is therefore denoted by Sjy^'p. 

The possible phase functions for Te = 222, 2'2'2 are summa- 
rized in the left-hand side of Table 22. 

4.5. Te = 2'2'2' = 2221' 

We choose to generate Te using the three primed rotations 
and note that since Te has three 2-fold operations (2|, 2i, and e') 
that commute with all elements of T, the lattice must be verti- 
cal. Furthermore, since there can be no more than 3 operations 
that commute with 6, all other 2-fold operations in Te = 2'2'2', 
including the two generators 2^ and 2^, cannot commute with 5 
(requiring T to be tetragonal). The operations jj., r], and a must 
conmiute with all operations in Tg. 

If aU these conditions are satisfied then the phase functions 
for 2^ and 2^ have the same two solutions given in Eq. (7) 
for r,. = 2'2'2. In both of these solutions (i>l' {h^'^c) = jO. This 
leaves two possibilities for the phase function of the third gen- 
erator of Te, 

3.:^(bWc)=0-or--, (9) 

giving a total of four distinct solutions for the phase functions of 

r, = 2'2'2' on the V-lattice, denoted by Pj+^^t, P^4$^Ph^%^ 
and Pjj^i (and none on the 5-lattice). These solutions are sum- 
marized in the left-hand side of Table 23. 

4.6. Te = n, n .111' {n > 2) 

These lattice spin groups contain a single generator 7 of order 
N > 2, where N = n unless Te = n' and n is odd, in which case 
A' = 2n. Note that if n is odd then nl' need not be considered 
because it is the same as n'. For operations of order A' it follows 
from the group compatibility condition (1) that 



07 (k)=Ar<I.7(k)=0 : 



7 = 0,1,... AT -1. 

(10) 

For vertical lattices we find from result R3 of Appendix A. 
that if the 8-fold generator is rs then S, paired with it, must 
commute with 7, and if it is fg then 6 must be a perpendicular 



2-fold rotation taking 7 to 7"'. Furthermore, we find from re- 
sults M2, D2, and H2 of Appendix A. that /x (paired with m) 
must commute with 7, and a and 77 (paired with d and h) must 
both be perpendicular 2-fold rotations. If these conditions are 
satisfied whenever these operations are in the point group then 



.J.'' (b«)s 

' [0000 AT odd, 



(11) 



where a is either or 1 /2. The only constraint on the phase 
4>J(z) comes from the requirement that 7 is an operation of 
order A'. If the in-plane phases are then ^]{z)=j/N, where 
j and A'^ must be co-prime, otherwise the true denominator is 
smaller than A^, and consequently the order of 7 is smaller than 
A'. If the in-plane phase a=l /2 and A' is twice an even number, 
then j and A'^ must still be co-prime, but if A'^ is twice an odd 
number then / may be also even and 7 would still be an oper- 
ation of order A^. This is so because even though the phase of 
7^^/^ is zero on the stacking vector it is 1 /2 on the horizontal 
generating vector, and therefore 7^/^ ^ e. 

To summarize, for Te = n (odd or even n) or = n',nl' 
(even n) the possible solutions for the phase function are 



3>?(b«c)=< 



0^ 

n 
n ' 



17 

2 n 

ii- 

2 n' 



n odd, 

n twice even, 



(12) 



}:^ n twice odd, 



where in all cases j and n are co-prime. The first subscript 
in the symbols for the three distinct solutions for <I>"'' are 
rif for 4>"' (b'')c)=Of, njS for 4>"' (b<''c)=if , and (f )yP for 

<I>/ (b'''c)= The index j is necessary here because the sub- 
lattices defined by the zeros of these phase functions do not 
depend on j, and therefore it must be specified in addition to 
specifying the sublattice symbol. 

For Te = n' with odd n the order of the generator is 2n and 
the possible solutions are 

2n 2 2n 2n 

where 7 and 2n are co-prime. The symbols for these three types 
of lattice spin groups are P"2n) c' ^(2n) S' ^^'^ ^"jP- Fin^Hy^ for 
Te = nl' (n necessarily even), we need to find the possible so- 
lutions for the phase function associated with the second gener- 
ator e' . Since the phase function <I>^^ is determined by the phase 
function <!>"- we are left with only two possible solutions for the 
phase function <I>| . If n is twice even then we always have 



^:^(b»c)^0f;i-^;-^ 



n odd. 



(13) 



<(b«c)=ioorii 



(14) 



thus obtaining a total of four solutions denoted Pn]cS' 



onV 



and P"^s s- 1^ " twice odd then the possible solutions 



depend on O"^" as follows: 



<&^'(b«c) 



iOor -i 

2" 22 

2^ 



4>? (b^c) 



Ojor 



1 1 



22 or Oj 



('■) 

*?(b«c) 
4>?'(b«c)^i2i 



1 i 

2 «' 



(15) 



research papers 



giving a total of six solutions denoted by P^j^P' ^n-c S' ^n]s 2e' 

pnl' pnl' „„j pnl' 

On staggered lattices we first note that Fg cannot be «1 ' which 
contains three operations of order 2 that commute with all the 
elements of F. Furthermore, we find from the results of the pre- 
vious sections that 77 (paired with h if it is in G) must be a 2-fold 
rotation perpendicular to the axis of 7 and that two possibilities 
exist for the remaining generators of F: 

(1) If the 8 -fold generator is then S, paired with it, must com- 
mute with 7, and if it is rg then 6 must be a perpendicular 2-fold 
rotation taking 7 to 7"'. The operation fi (paired with m) must 
commute with 7, and a (paired with d) must be a perpendicular 
2-fold rotation. If these conditions are satisfied whenever these 
operations are in G then the in-plane phases are all 0. For = n 
(either parity) and Fg = n' (even n) the possible solutions for 
the phase function 3>"' are therefore 



Dnl' 



<I>?(b»c)=0^, 
n 



(16) 



where j and n are co-prime. These are denoted by S".^. For 
Fg = n' with odd n the order of the generator is 2n and the 
possible solutions are 



O?(b»c)=0f , 
In 



(17) 



where / and 2n are co-prime. These are denoted by ^. 
(2) If the 8-fold generator is then 5, paired with it, must com- 
mute with 7, and if it is rg then 5 must be a perpendicular 2-fold 
rotation taking 7 to 7"'. The operation a (paired with d) must 
commute with 7, and /i (paired with m) must be a perpendicular 
2-fold rotation. If these conditions are satisfied whenever these 
operations are in G then n = 4 and the possible solutions for the 

4- 

phase function 3>e" are 



*J-(b«c)4i„rn, 



(18) 



denoted by Sl^^ and ^4^^ 

The possible phase functions for F^ = n,n' ,nV {n > 2) are 
summarized in the headings of Table 24. 

5. Initial choice of gauge 

Before starting the actual calculation of phase functions for the 
generators of the different octagonal point groups, we make an 
initial choice of gauge that (i) sets the phases <I>^j^(b^'') to zero, 
where gs is the 8-fold generator — rg for point groups 8, 8mm, 
822, 8/m, and S/mmm, or fg for 8, 8m2, and 82m; and (ii) sets 
the phase (c) to zero for one generator satisfying gx = — z. 

5.1. Setting <I>^g (b<'' ) to zero 
We can make (t>g^ (b^'')=0 with a gauge transformation given 

by 

(b('))=U^^^ (b(') ± b('+i) + b('+2) ± b('+^)) , (19) 



where the upper signs are for g^ = rg and the lower signs for 
^g = rg, and the value of Xi (c) is unimportant. Using this gauge 
function we obtain 

A<(b«)=Xi (^8b« -b«) =xi (±b('+i) -b«) 

=^<i>l (b('+^) - b(')) = -^iih^'^) (20) 
thereby setting <I>^ (b*'') to zero. 



5.2. Setting *J(c) to zero when gz = — z 

We apply a second gauge transformation to set ^g{c) to zero 
for a single g G G for which gz = — z. We use this transforma- 
tion for the operation fg when G is 8, 82m, or 8m2, and for the 
operations d when G is 822, and h when G is 8/m or %/mmm. 
For both lattice types we take 

X2(b«)=0, X2(c) = i<f;(c), (21) 
from which we get, for vertical lattices 

^^l{z)=X2{g^ - z)=X2(-2z)= - 4>J(z) (22) 
and for staggered lattices 

A4>-(z + h) = X2(g(z + h)^(z + h)) 



EX2 ((-2(z + h) + (gh + h)) = - 4>_^(z + h), 



(23) 



where the last equality is due to the fact that the vector -I- h is 
in the horizontal plane where X2 is zero. Also note that since X2 
is zero on the horizontal sublattice it does not affect the phases 
that were set to zero in the previous section. 

5.3. Remaining gauge freedom 

We stiU remain with some freedom to perform a third gauge 
transformation without undermining the effect of the previous 
two gauge transformations. Such a transformation can be per- 
formed with a gauge function xs satisfying 



A3.^(b«)=X3(g8bW-bW)=0, 



(0 



and 



A4>-(c)=X3(^c-c)=0, 



(24) 



(25) 



where g is the operation chosen in the previous section. The 
first condition, for all point groups and both lattice types, re- 
quires X3 to have the same value of or 1/2 on all the hori- 
zontal generating vectors. For point groups 8 and 8mm, where 
the second gauge transformation X2 is not used, there is no con- 
straint on the value of X3 (c). For the remaining point groups we 
must consider the two lattice types separately. For V -lattices gc 
in Eq. (25) is — c and therefore X3(c)=0 or 1 /2 independently 
of its value on the horizontal generating vectors. Thus, on V- 
lattices one must check for gauge equivalence of solutions to 
the group compatibility conditions using the three non-trivial 
gauge functions 



X3 



(bWc)^ol; ^O;orli. 



2 2 



22 



(26) 
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For 5-lattices, using Table 2, and the fact that X3(2h)=0, we 
find that we may still perform gauge-transformations using the 
gauge functions 

X3(b(')c). I'l f ]^ ^ = ' (27) 

[Oi;ii;ori|; G = 8, 8m2, 82m, 822. 

6. Determination of phase functions for the different 
octagonal point groups 

Further calculations of phase functions are carried out for each 
point group G separately, based on its specific generating rela- 
tions. Two typical relations appear in most of the point groups. 
All 2-fold generators {g, a) S Gs satisfy a generating relation 
of the form = e, and therefore impose, through the group 
compatibiUty condition (1), equations of the form 

4>f (k)=4>J(gk + k). (28) 

In general cr^ may be different from e and therefore the phase 
(t>g (k) is not necessarily zero. But note that for any a G F the 
operation is either e, or a pure rotation about the f-axis in 
spin space, and therefore (p'^' (b ''^ ) =0000 or j ^ j ^ . 

Generating relations involving pairs of generators are of the 
form ghg = h, where {g, a) and (ft, r) are in Gs- Application 
of the group compatibility condition (1) to these generating re- 
lations yields 

<I.r'^(k)=<I>j;/(k)=4>-(k + %k) + ^l{g\,). (29) 
We expand the left hand side by 

a)^^'^(k)=^^^"''^'^'^(k)=3)J(k) + ^;''^'^'^(k) (30) 
to obtain 

<I.j"'---(k)=3.-(k + %k) + ^l{g\i - k). (31) 

This last form, as well as Eq. (28) for the 2-foId generators, em- 
phasizes the fact that the new phase functions that are yet to be 
determined may depend on the phase functions (k) that were 
calculated in section 4.. Note that T~^(jTa- is the product of two 
conjugate operations in F and is therefore either the identity e 
or a pure rotation about the z-axis in spin space, and therefore 
^r-'^rff (,,(<)) =0000 or 

6.1. Point group G = 8 (generator n) 

The only phase to be determined is (^f^ (c) because the in- 
plane phases of where set to zero by the gauge transforma- 
tion of section 5.1.. Successive applications of the group com- 
patibility condition to the generating relation r\= e yield 

< {'^)=K (c + ^8C + . . . + rlc), (32) 

where in general, 5^ may be different from e and therefore the 
phase <I>f (c) is not necessarily zero. For vertical lattices c = z 
and Eq. (32) becomes 



with gauge-invariant solutions of the form 

<(z)=^'ff(z) + |, c = 0...7. (34) 
For staggered lattices c = z + h and Eq. (32) becomes 

< (z + \i)=^% (8z)=83>* (z + h), (35) 

where the second equality follows from the fact that 8h is a lat- 
tice vector in the horizontal plane for which 3>^g(8h)=0. The 
solutions of Eq. (35) are 

<(z + h)^i4>f(z+h) + ^, c = 0...7, (36) 

just as for the vertical stacking vector, but unlike the verti- 
cal stacking vector, the phase ^>^j (z + h) is not gauge invari- 
ant because r8(z-|-h) ^ (z-|-h). We need to check whether 
any of the solutions are gauge-equivalent through the remain- 
ing gauge freedom given by one of the gauge functions (27). 
Taking X3(b^'^)=l/2 changes the phase ^f^i^ + h) by 

A3.f^(z + h)=X3(^-8(z + h) - (z + h))=X3(bW)=^. (37) 

Therefore, on the 5-lattice two solutions differing by 1/2 are 
gauge-equivalent, so the distinct solutions are 

<(z + h)=ia.f(z + h) + ^ c'=0...3. (38) 

The phase functions for point group G = 8 are summarized 
in Table 4 for V-lattices, and Table 5 for ^-lattices. 

6.2. Point group G = 8 (generator ?%) 

The only phase function to be determined, ^f^, is zero ev- 
erywhere on both lattice types due to the choice of gauge in 
sections 5.1. and 5.2.. Note that in this case 

< (k)=^f; (k)=<5^^ (k + rgk + . . . r|k)=0, (39) 

and therefore 5'^ = e whenever r% is a generator of G. 

The phase functions for point group G = 8 are summarized 
in Table 6 for V-lattices, and Table 7 for ^-lattices. 

6.3. Point group G = imm (generators and m) 

We need to determine the phase O^^^ (c) and the phase func- 
tion 4>^(k). We use the generating relations r\ = rrp- = e and 
rgmrg — m, which impose Eq. (32) for the 8-fold generator, 
Eq. (28) for the 2-fold generator, and Eq. (31) for the additional 
generating relation r^mrg — m. We begin by noting that if m is 
the mirror that leaves b^'' invariant, then application of Eq. (28) 
to b^^^ which is perpendicular to m (mb^^' = — b^^^) yields 



<I>f(z)^8<(z), 



(33) 



(40) 
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implying that 4>^'(b('')=0000. Application of Eq. (28) to b^'' 
then yields 

0=2<(b(')) ^ <I>^(b('))=0 or i (41) 

and application of Eq. (28) to b^^' and b^"*' shows that 
<I>^(b*^^)=3>^(b''**), but provides no further information re- 
garding the actual values of these phases. Next, we apply 
Eq. (31) to the horizontal generating vectors to obtain 

4>^(b(''+'')=4>,^,(b'''') +^r'*''*(b''''). (42) 

Thus, the value of <I>^ on b'^' determines the values of on 
the remaining horizontal generating vectors through the phase 
function 3)^"''^'"^: 

|0i0i or ioiO if^A'-'*''*(b«)=liii. ^ ^ 

For the vertical stacking vector in V-lattices, for which 
mz = rgz = z, Eq. (33) remains unchanged, and Eqs. (31) and 
(28) become 

^m-'5m5(2) =2«I>f^(z) (44a) 

4>^'(z)=24>,^(z) (44b) 
The solutions to these equations are 

<(z)=i4>^'^''^(z)+a, (45a) 

^^(z)=l^^if(z)+b, (45b) 

where a and b are independently or 1/2. 

For the staggered stacking vector in 5-lattices, for which 
r8(z + h) = z + h + b*''' and m(z + h) = z + h - b*^' we ob- 
tain Eq. (35) together with 

+ h) = 24>f^(z + h) + 0^(b(4)) (46a) 

(z + h) = 2*,';, (z + h) - (b(^) ) (46b) 

Noting that the signs of the phases <I>^(b''') are unimportant, 
the solutions to these equations are 

a.f^(z + h)=i3.^(b(*)) + l^.^ '^"^(z + h) + a, (47a) 

<I.^(z + h)=i<I.^(b(3)) + i<&f (z + h) + ^, (47b) 

where a and b are independently or 1 /2, but we still need 
to check for gauge-eqivalence using the remaining gauge free- 
dom given by the gauge functions (27). A gauge transformation 
with X3(b''') = l /2 changes both of the phases in Eqs. (47) by 
1/2, implying that the two solutions with ab=QO and 55 are 
gauge-equivalent and the two solutions ab=Q\ and are also 
gauge-equivalent. As representatives of the gauge-equivalence 
classes we take the solutions with a=0. 



We finally note that Eqs. (33) and (35) further imply that for 
both lattice types 

c&f (c)=4«I>^"'*''*(c), (48) 

which is true for the horizontal generating vectors as well and 
therefore (5^ = {ijl~'^5ijl5Y . 

The phase functions for point group G = %mm are summa- 
rized in Table 8 for V-lattices, and Table 9 for ^-lattices. 

6.4. Point group G = 8m2 (generators fg and m) 

Here we only need to determine the phase function •t>^,(k) 
because by the initial choice of gauge <t>^^(k)=0. We use the 
generating relations np' = e and r^mrs = m, which through 
group compatibility conditions of the form (28) and (31) yield 
equations that resemble those for G = Smm with Pg replacing 
rs. 

For the horizontal generating vectors we again find that 
has two possible solutions given by Eq. (43). For the vertical 
stacking vector, for which rgz = — z and mz = z, Eqs. (28) and 
(31) become 

^f's^\2,)=-2^^^{z), (49a) 

^f{z)=2<P^X^). (49b) 
The solutions to these equations are 

3.^(z)=i3.,^'(z)+a, a^Oori (50a) 

with the additional condition that 

3)f (z) + ^f'^^'\z)=0. (50b) 

For the staggered stacking vector, for which (z + h) = 
-(z -I- h) - b^'') and ot(z h) = (z -|- h) - b^^^, Eqs. (28) and 
(31) become 

+ h) = -23)^(z + h) - 3)^(b(*)) (51a) 

3.^'(z + h)=2<(z + h)-3.^(b(3)) (51b) 
The solutions to these equations are 

<I>^(z + h)=i<I.^(b(3)) + ^c&f (z + h) + a, a^O or 1 

(52a) 

with the additional condition that 

<i>f{z + h) + 'Pf'^f'^iz + h)=4>^(b(3)) + <I>^(b(4)). (52b) 

A gauge transformation (27) with X3(b''')=l/2 changes the 
phase 4>^(z + h) by 1/2 and therefore the two solutions in 
Eq. (52a) are gauge-equivalent. We take the one with a=0. 

The phase functions for point group G = 8m2 are summa- 
rized in Table 10 for V-lattices, and Table 1 1 for 5-lattices. 
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6.5. Point group G = 822 (generators n and d) 
We need to determine the phase ^fg(c) and the phases 

c£>°l{b^'^) — since <I>fjj(b''')=<l>^(c)=0 by our choice of gauge — 
using the generating relations rl = = e and r%drs = d. The 
relation r\ ~ e yields the same equation for (c) as in the 
case of point group G = 8, giving rise to the same solutions as 
those given by Eqs. (34) and (38). 

The determination of <I>j (b^'') is similar to that of «I>^(b*'') 
in the case of point group G = Emm. If d is the dihedral ro- 
tation that leaves b''' invariant, then application of Eq. (28) to 
b^^^ which is perpendicular to b''^ yields 

4>f (b(^')=4>;?(Jb(^) +b(^))=0, (53) 

(b('))=0000. Application of Eq. (28) to b*'' 



implying that 
then yields 



0^2*^ (b( 



4>:^(b^^')=0 or 



1 

2' 

b(4) 



(54) 



shows that 



and application of Eq. (28) to b'^' and 
<I>^(b'^^)=<I>^(b'^^'), but provides no further information re- 
garding the actual values of these phases. Next, we apply 
Eq. (31) to the horizontal generating vectors to obtain 



^a(l,('+l))=OJ(bW) -HO^ *«^(bW). 



(55) 



Thus, <i>'^{b^^^) determines the values of <I>^ on the remain- 
ing horizontal generating vectors through the phase function 



^^(bW) 



,)^_ J 0000 or 



iiii 

2 2 2 2 

2 or iOiO 



if4>," 
if<5?" 



'fc^(b('))^0000, ^.^^ 



6a6 



2 2 2 2- 



For the vertical stacking vector, for which dx = — z, we ob- 
tain 

4>^^"'*"'^(z)=0, (57a) 
*f(z)=0. (57b) 

The latter of the two, together with Eq. (53), implies that on 
V-lattices = e. 

For the staggered stacking vector, for which d{z + h) = 
— (z + h) + 2h — b'"'', we obtain the additional constraints 

'<5a(5/ 



<&J(b(40=<&^ ''"''(z-t-h), 
<&^(b(3))=3>f (z + h). 



(58a) 
(58b) 



^From Eq. (58a) we find that *"'^(z + h) must be either 
or 1/2 and therefore that a~^5ad is either e or 2j. In either 
case <J>" '^"*(b^'')=0 so only the first of the two cases given in 
Eq. (56) is possible. This then implies that the left-hand sides 
of Eqs. (58) are equal and therefore that a~^6aS = a^. The 
values of <J>^ on the horizontal generating vectors for ^-lattices 
are thus given by 

1 5252 ^'^ oao = a =2i. 

The phase functions for point group G = 822 are summa- 
rized in Table 12 for V-lattices, and Table 13 for 5-lattices. 



6.6. Point group G = 82m (generators n and d) 
We need to determine the phase function <J'"(k) because we 

have chosen a gauge in which 4>^^(k)=0. We use the generating 
relations d^ = e and rgdrg = d, which through group compat- 
ibility conditions of the form (28) and (31) yield equations that 
resemble those for G = 822 with replacing rg. 

For the horizontal generating vectors we again find that 
«I>^ has two possible solutions given by Eq. (56), and that 
4>" (b^'^)=0000. For the vertical stacking vector, for which 
fgz = dx= — z, Eqs. (28) and (31) become 



4>f(z)=0. 
The solutions to Eq. (60a) are 



(60a) 
(60b) 



0-{x)=-l0f'^^\x)+a, a=0ori, (61) 

and Eq. (60b) implies that on V-lattices = e. 

For the staggered stacking vector, for which r% (z + h) = 
-(z-hh)-b('^' andi/(z-l-h) = -(z + h)-|-2h-b(^),Eqs. (28) 
and (31) become 

^f'^°'\z + \i) = -2^°; (z + h) - (b*^' ) , (62a) 

3>f (z -h h) = -3>^ (b(^) ) . (62b) 
The solutions to Eq. (62a) are 



a, a=0 or -, 
(63) 

with the additional condition, given by Eq. (62b), that <t>^(b'^') 
is determind by a^, reducing the possible solutions in (56) to 
one. Note that none of the gauge transformations X3 in Eq. (27) 
can change the phase «I>^ (z + h). 

The phase functions for point group G = 82m are sunrnia- 
rized in Table 14 for V-lattices, and Table 15 for 5-lattices. 

6.7. Point group G — &/m (generators rg and h) 

We are using a gauge in which 4>^^(b'^'')=4>^(c)=0, and 
therefore need to determine the phases <J>^(b('^) and (i>f^ (c) us- 
ing the generating relations rl = = e and hr^h = r^. Equa- 
tions (31) and (28) for the horizontal generating vectors are 



3>^(b« +b('+'))=3>f' ''^''(b«), 



23>^(b('))=a)f (b' 



(<■)^ 



(64a) 



(64b) 



Due to the fact that '''''''(b('')=0000 or application 
of Eq. (64a) to successive horizontal generating vectors estab- 
lishes that <I>^(-b^'^)=0^(b^'^), and therefore that the in-plane 
phases are given by 



O^(b(0) 



f0000( 

[oiOioriO^O if«>f"''''^''(b<'))= 



iiii 

2 2 2 2 



if** ''''5''(b('))=0000, ^^.^ 



2 2 2 2- 
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Eq. (64b) then implies that ^>^''(b''')=0000. For the vertical 
stacking vector, for which hi. = — z, the equations are 

-2<I>f^(z)=4>f"'''^''(z) (66a) 

<I>f(z)=0 (66b) 
The solutions to Eq. (66a) are 

<(z)^-i<V.(^)+^^ c^Oori (67) 

and Eq. (66b) implies that on V-Iattices r]^ = e. 

For the staggered stacking vector, for which h{z + h) = 
-(z + h) + 2h, and using the fact that ^f^(2h)=^^(2r8h)=0, 
the equations are 

-3)^(b(^)) - 2^f^{z + h)=^f'i^''{z + h) (68a) 

<I>f(z + h)=0. (68b) 
The solutions to Eq. (68a) are 

<(z + h)=i^,^(b(4)) - Ur'^'^ix + h)+c, c^O or 1 

(69) 

but a gauge transformation (27) with X3(b*'') = l/2 shows that 
the two solutions are gauge-equivalent, allowing us to take c=0. 
Eq. (68b) implies that rj^ = e on 5-lattices, as well. Finally, 
the generating relation r| = e imposes Eq. (32) as in the case 
of point group G = 8, for both lattice types. Together with 
Eqs. (66a) and (68a) this implies that 

3)f (c)=-4<J>f"'''*''(c), (70) 

which is true for the horizontal generating vectors as well, and 
therefore (5^ = (S^^'qSri)^'^. 

The phase functions for point group G = 8/m are summa- 
rized in Table 16 for V-lattices, and Table 17 for 5-lattices. 

6.8. Point group G = 8/mmm (generators n, m, and h) 

We need to determine the phase ^f^{c), the phases <I>^(b(''), 
and the complete phase function <I>^(k). The generating rela- 
tions and the equations they impose are the same as those for 
G = %mm and those for G = 8/ot, with the additional condi- 
tion imposed by the generating relation mhm = h which yields 

,j,^-Vw(i,(0)=2$M(b('))=o, (71a) 

<i>'f''"i"{z)=0, (71b) 

^^-Vw(z + h)=4>,';,(b('') - *;'(b(^)), (71c) 

for the horizontal generating vectors, vertical stacking vector, 
and staggered stacking vector, respectively. 

For V-lattices Eqs. (71a) and (71b) imply that r]~^ iirj^ = e 
but do not impose any additional constraints on the phase func- 
tions already determined for point groups G = 8mm and G = 
8/m. Thus the solutions for point group G = 8/mmm are sim- 
ply the combination of the two, so <i>2 (b''^ ) is given by Eq. (65), 



<I>^(b<'>) by Eq. (43), and 4>^^(z) and 0^(z) by Eqs. (45), with 
the additional conditions that 

+<j>5-'r/5';(2)=o, (72) 
<I>^'(b''))=0000, rj^ = 77- = e. and 6^ = {11-^6^6)'^ = 

For 5-lattices Eq. (71c) implies that (t>'^ mw(z _|_ h) can be 
either or 1 /2 and therefore that r]~ ' nrjn is either e or 2j. It also 
imposes a constraint between the two phase functions <E>^ and 

. Therefore, on ^-lattices (b^'^ ) is again given by Eq. (65), 

but 

4>^(bW)=4>;,'(b<''') + <^>f'^'"^'{z + h), (73) 

and (z + h) and 4>^(z + h) are given by Eqs. (47), with the 
additional conditions that 

«I),^"''''^''(z + h) +4>f"'^''^(z-hh)=0^"''"»'(z-hh), (74b) 

4>^'(b('')=4>;?"'^w(b«)=0000, 4>;?"'^w(z + h)=0 or 1/2 
depending on whether r]~^^rifi is e or 2j, r]^ = e, and 5^ = 

The phase functions for point group G = 8 / mmm are sum- 
marized in Table 18 for V-lattices, and Table 19 for 5-lattices. 

7. Spin group tables 

Tables 4-19 contain in compact form all the information needed 
to generate the complete list of octagonal spin space-group 
types. All that is still required is to expUcitly identify the spin- 
space operations S, and whenever necessary /i, a, and rj, recall- 
ing that these operations must also satisfy the constraints, sum- 
marized in Table 3, that are due to the isomorphism between 
G/Ge and F/Fp. Once these operations are identified their dif- 
ferent combinations that determine the phase functions — S^, 
djd~^, ix~^5^5, etc. — can be calculated to give the different 
spin space-group types. The explicit identification of spin-space 
operations is listed in Appendix B. which can be obtained via... 
[PRODUCTION EDITOR: please indicate how one can obtain 
this appendix.]. For each spin space-group Table (Tables 4-19) 
there is a corresponding Table in Appendix B. which hsts all the 
possible identifications of spin-space operations, and for each 
one, indicates the Une in the spin space-group Table to which it 
corresponds. 

To each spin space-group type we give a unique symbol based 
on the familiar International (Hermann-Mauguin) symbols for 
the regular (nonmagnetic) space groups. To incorporate all the 
spin space-group information we augment the regular symbol, 
which for the case of octagonal quasicrystals is explained in 
detail by Rabson et al. (1991), in the following ways: (1) The 
symbol for the lattice spin group is added as a superscript 
over the lattice symbol, unless Fg = 1 or 1'. (2) The values 
of the phase functions, associated with the elements of F,,, are 
encoded by subscripts under the lattice symbol, describing the 
sublattices defined by the zeros of the phase functions for the 
operations in the symbol for F^ (as explained in Sec. 4.). (3) To 
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each generator of the point group G we add a superscript list- 
ing an operation from the coset of with which it is paired (if 
that operation can be e we omit it, if it can be e' we simply add 
a prime, and we omit the axis about which rotations are per- 
formed if it is the f-axis). (4) The values of phase functions for 
the spin point group generators ^f^, ^f^, «I>^, ^^'^ 
encoded by making changes and adding subscripts to the point 
group symbol (similar to the way it is done for the regular space 
groups), as described in the captions of Tables 4-19, where we 
use the same notation, simply without explicitly listing and 
its associated phase functions, and without expUcitly identify- 
ing the spin-space operations paired with the point group gen- 
erators. Specific examples of spin space-group symbols can be 
found in the captions of Tables 4, 5, 8 and 19. 



8. Magnetic selection rules 

We calculate the symmetry-imposed constraints on S(k), for 
any wave vector k = ^^f^j nib''' + Ic in the magnetic lattice 
L, as described in the companion paper (Lifshitz & Even-Dar 
Mandel, 2003), by considering all spin point group operations 
{g, 7) for which gk = k. The point group condition for each of 
these operations provides an eigenvalue equation 



yS(k) = e-2vri<i.7(k)g(|^^ 



(75) 



from which we obtain the constraints on S. These constraints 
may require S(k) to vanish or to take a particular form which 
transforms under the operations 7 in (75) according to the 1- 
dimensional representation dictated by the phases '&J(k). When 
there are no constraints then S = {Sx, Sy, S^) is an arbitrary 3- 
component axial vector. When there are constraints, S(k) takes 
one of the following forms: 



S, = (5^,0,0), S, 

Syz = (0) Sy, S^) , 

S+ = {S„+iS„0), s_ 



(0,5y,0), 
= (5.-, 0,5,), 
= {S,,-iSx,0), 



S. = (0,0,5,), 

Sxy — {Sx, Sy, 0), 



(76) 

as explained below. 

In section 8. 1 . we determine the selection rules due elements 
in Fg. These affect all wave vectors k G L, and are summarized 
in Tables 20-24. In section 8.2. we determine the remaining se- 
lection rules for wave vectors that lie in the invariant subspaces 
of the different point group elements. These selection rules are 
expressed in a general manner in terms of the spin-space opera- 
tions paired with these point group elements, without identify- 
ing them explicitly. 

8.1. Calculation of selection rules due to Te 

If 7 is an operation of order 2 then its phases ^] (k) are either 
or 1 /2. In this case Eq. (75) reduces to 



7S(k) 




if4>7(k)=0, 
if4>7(k)^i, 



(77) 



so if <I>J(k)=0, S(k) must be invariant under 7, and if 
3>2'(k)=l/2 it must change its sign under 7. This implies differ- 
ent constraints on the form of S(k) depending on the particular 
type of operation of order 2: 



1. If 7 is the time inversion e', then S(k) = if <I>2^(k)=0 
and there are no constraints on S(k) if <I>2'(k)=l /2. 



2. If 7 is a 2-fold rotation 2,, then S(k) = S, if 4>7(k)=0 
and S(k) = S;^^ if <I>2^(k)=l/2. Similar constraints are 
obtained for rotations about the other two axes. 



3. If 7 is a 2-fold rotation followed by time inversion 
then S(k) = S;ry if ^7(k)=0 and S(k) = if 
4>J(k)=l/2. Similar constraints are obtained for primed 
rotations about the other two axes. 



Thus, for lattice spin groups Eg containing only operations of 
order 2 the form of S(k) depends on whether the phases at 
k = "ib''' + Ic, associated with all the operations, are 
or 1 /2. This can easily be calculated for each from the val- 
ues of its phase functions on the lattice generating vectors. The 
outcome depends, at most, on the parities of rii + «3, n2 + nn, 
and I. Tables 20 - 23 summarize the results for all such Tg. 

For operations of order greater than 2 we find that 

4. If 7 is an n-fold rotation {n > 2) then Eq. (75) requires 
S(k) to acquire the phase 27r<I>"'(k) upon application of 
the «-fold rotation. One can directly verify that the only 
possible forms that S can have that satisfy this require- 
ment are 



S(k) = 



if Of (k)=0, 
if4>?(k)=± 
otherwise. 



(78) 



5. If 7 is an n-fold rotation followed by time inversion «' 
then one can obtain the constraints on the form of S from 
the constraints (78) by adding 1 /2 to the phases, thus 



S(k) 



s± 



if<i>; 
if o' 



^(k)E 



otherwise. 



.1 

'2' 

4± 



(79) 



Table 24 summarizes the results for lattice spin groups r<. = 
n, n' and nl', containing operations of order greater than 2. 

8.2. Additional selection rules on invariant subspaces of 
nontrivial point group operations 

In addition to the selection rules arising from there are also 
selection rules that occur when k lies along one of the rotation 
axes or within one of the mirror planes and is therefore invari- 
ant under additional operations {g, 7) with non-trivial g. In this 
case the eigenvalue equation (75) imposes further restrictions 
on the Fourier coefficients of the spin density field. 
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8.2.1. Selection rules along the z-axis: When the eightfold 
rotation rg is in the point group G it leaves all the wave vec- 
tors along the z-axis invariant. These wave vectors are given by 
k = Iz, where / is any integer if the lattice is vertical, and / is 
even if the lattice is staggered. For both lattice types Eq. (75), 
determining the selection rules for these wave vectors, becomes 

5S(/z)=e-^'^''<(')S(/z), (80) 

where c is the appropriate stacking vector. When G is gener- 
ated by rg, and does not contain rg, the wave vectors along 
the z-axis are left invariant by and its powers. The phase 
<I>^ (/z)=<I>^g {hIz) + <I>^ (/z) is necessarily zero because rg/z = 
— /z. Eq. (75) can therefore be written as 

~5'^S{lz) = S(/z), (81) 

requiring S(Zz) to be invariant under 5^, where 5 is the spin- 
space operation paired with rg. 

8.2.2. Selection rules within the horizontal mirror h: If the 
horizontal mirror h is present in the point group then all the 
Fourier coefficients of the spin density filed associated with 
wave vectors k;, = n,b'') in the horizontal sublattice are 
subject to selection rules, dictated by the values of the phase 
function 3>^. Eq. (75), for both lattice types, is simply 

r7S(k,)=e-2-Sti«.*I'(b'")s(k,). (82) 

Thus, if a horizontal mirror is present in the point group then 
S(kft), forkft = X;, nib^'^in the horizontal sublattice, must re- 
main invariant under 77, unless (a) 4>^(b''^) = 5050 and n\ + «3 
is odd; or (b) 4>^(b('')=OiO| and ^2 + «4 is odd; or (c) 
<I>^(b^'')=55 25 and is odd; in which case S(kft) must 
change its sign under r]. 

8.2.3. Selection rules within vertical mirrors and along di- 
hedral axes: There are two sets of conjugate vertical mirrors 
which we have labeled m and m' and two sets of conjugate di- 
hedral axes d and d'. It is sufficient to determine the selection 
rules for a single member of each of these four sets because the 
selection rules for the remaining conjugate operations can be 
inferred from the 8-fold rotational symmetry of the spin density 
field. To see this, take for example the operation {m. /y ) and ex- 
amine aU the wave vectors k, satisfying mk = k, to obtain the 
general selection rules for the invariant subspace of m, 

MS(k)=e-2"'*"('')S(k). (83) 

If g is the 8-fold generator of the point group (rg or rg), paired 
with the spin space opertaion 5, then the selection rules on the 
invariant subspaces of the remaining three conjugate operations 
are simply given by 

(5><5~"S(^"k)=e-2'^'*"('''S(g"k), n = 1,2,3, (84) 

where we have used that fact that, since mk = k, it follows from 
successive applications of the group compatibility condition (1) 
that 

o^^^^:;(^k)^<i>^(k). (85) 



Similar expressions can be derived for the other operations and 
so we proceed below to obtain the general selection rules only 
for the vertical mirrors and dihedral axes that are oriented either 
along the generating vector b''' or between the two generating 
vectors b^^^ and b^^' (as depicted in Fig. 1). 

Wave vectors along the dihedral axis d, containing the gen- 
erating vector b''\ on either lattice type, can be expressed as 
krf = nib^^^ -I- n2(b'^^ — b^''^) for any two integers n\ and ni- 
Since it is always the case that 4>^(b^^' — b''*')=0, the selection 
rules for such wave vectors are determined by 

aS(kd)=e-2™'*?('''")S(kd). (86) 

Thus, if a dihedral operation (J, a) is present in the spin point 
group then S(k(i), for k^/ along the axis of d, must remain in- 
variant under a, unless <t>J(b''')=5 and n\ is odd, in which 
case S(krf) must change its sign under a. 

Wave vectors along the dihedral axis d', between the gen- 
erating vectors b''' and b'^', on either lattice type, can be ex- 
pressed as krf' = ni(b''' + b*^') + «3(b'^' - b'"*') for any two 
integers n\ and nj,. Since it is always the case that 3>^,'(b^'^ — 
1,(3) )=^a' (1,(2) _|_i,(4)^=Q^ jj^g selection rules are determined by 

a'S(kdO=e-2'^'('"+"')*^"' (•'*"+'''"'S(krfO- (87) 

Thus, if a dihedral operation (c/', a') is present in the spin point 
group then S(krf/), for k^/ along the axis of d', must remain in- 
variant under a', unless <5J,' (b^'^)=OiOi or 5O5O, and n\ + 
is odd, in which case S(kd') must change its sign under a' . The 
operation a', as well as the values of the phase function , 
are determined for each separate spin point group according 
to the generating relations for that group, namely, (li', a') = 
{r%,5){d,a) for point group 822, {d' ,a') = {f%,5){m, ji) for 
point group 8m2, and {d',a') = {rs,S){m, iJ,){h,r]) for point 
group 8 /mmm. 

Wave vectors within the vertical mirror m, containing the 
generating vector b''\ can be expressed as k^ = nib''^ -|- 
«2(b'^' — b'"*') + Iz, where / is any integer if the lattice is ver- 
tical and / is even if the lattice is staggered. This is due to the 
fact that there are no wave vectors in odd layers of ^-lattices 
that are invariant under mirrors of type m (Rabson et al, 1991, 
footnote 46). Since it is always the case that <I>^(b'^^' - b''*')=0, 
the selection rules for such wave vectors are determined by 

/iS(k„)=e-^-[«'i"i:(b'")+^*i:(c)]s(k„). (88) 

Finally, wave vectors within the vertical mirror m', between 
the generating vectors b^'^ and b'^', on both lattice types, can 
be expressed as k„, = ^{h^^^ + b'^') + «3(b'^' - b'"*') + Ic 
for any three integers ni, n^, and /, where c is the appropri- 
ate stacking vector. Since it is always the case that <I>^, (b^^^ — 
1,(3) )=^A^; (1,(2) ^1,(4)^=0, the selection rules are determined by 

/x'S(k„,)^.-'"[<"'+"^*"'^'''"+''"^+'*"'^'=^]s(k,0. (89) 
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This completes the general calculation of selection rules on 
invariant subspaces of point group operations. One can apply 
these rules in a straightforward manner to each spin space group 
once the spin space operations 6, ij, ji, and a are explicitly iden- 
tified. 

This research was funded by the Israel Science Foundation 
through Grant No. 278/00. 
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Table 1 

Three-dimensional octagonal point groups. There are seven octagonal point groups (geometric crystal classes) in three dimensions, one of which (8m2) has two 
distinct orientations with respect to both types of octagonal lattices, giving the eight octagonal arithmetic crystal classes, listed in the first column. The set of 
generators for each point group, used throughout the paper, are listed in the second column along with the symbols, used to denote the spin-space operations with 
which they are paired in the spin point groups. 



Point group 


Generators 


8 


(''8,<5) 


8 




8mm 


(n. S), {m,fi) 


8m2 


(7=8,(5), (m,^) 


822 


{rg. S), (d,a) 


82m 


(7=8,(5), (d.a) 


8/m 


(r8,(5), (/i,7?) 


8/777777777 


f7"8. i)). (in. 11). (/?, Tj) 



Table 2 

Effect of the point group generators on the lattice generating vectors. The horizontal shift h associated with the staggered stacking vector is defined in Eq. (2). 





b(i) 


b(2) 


b(3) 


b(4) 


z 


z + b 




b(2) 


b(3) 


b(4) 


_b(l) 


z 


(z + h) + bf") 




-b(2) 


_b(3) 


_bW 


b(l) 


z 


-(z + h) -bW 


m 


b(l) 




-bP) 


-b(2) 


z 


(z + h) - bP) 


d 


b(l) 


_b(4) 


_bP) 


-bP) 


— z 


-(z + h)+2h-bP) 


h 




bP) 


b(3) 


b(4) 


— z 


-(z-Hh)-h2h 
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Table 3 

Normal subgroups Ge of the seven octagonal point groups. The resulting quotient group G/G,: is represented in the seventh column by a point group, isomorphic to 
it. Isomorphic groups G are Usted in the same section of the Table. Constraints on the spin-space orperations 5, fi, a, and 77, paired with the generators rg, m, d, and 
/i of G are Hsted in the last column. In each Une the first power of 5 that is in Ye is given, jj?, o?, and rf' are always in Yg, therefore we only note whether jj,, a, and 
1) are themselves in Fe. If a spin space operation is in Ye it is taken to be e. 



G 




G 


G, 


G 


G, 


G/Ge 


Constraints 






8 


8 


8 


8 


1 


<5 = e 








4 




4 


2 


S^eYe 








2 




2 


4 










1 




1 


8 


s^eYe 


8mm 


8mm 


822 


822 


8m2 


8m2 


1 


5 = €,// = e 




8 




8 




8 


2 


5 = e, /i ^ 




4mm 




422 




4mm 


2 


5^ G Fe, /i = e 




Am'm' 




42'2' 




42'2' 


2 


5 = ^ Fe 




4 




4 




4 


222 


5^ e Fe, H ^ Fe, 5Fe 7^ uFe 




2 




2 




2 


422 


S'^ eYe,IJ.^ Ye,5'^Ye ^ //Fe 




1 




1 




1 


822 


5* e Fe,/i ^ TejcS'tFe / //Fe 










8/m 


8/m 


1 


5 — e. — e 












8 


2 


5 = e, ,7 ^ Fe 












8 


2 


5 = JJ ^ Fe 












4/m 


2 


5^ G Fe,?? = e 












4 


2/m 


52 G Fe,?? ^ Fe,5 ^ »7Fe 












4 


4 


5"* G Fe,77 G S^Ye 












2/m 


4 


54 g re,»7 = e 












2 


4/m 


5'* G Fe.T; ^ Fe,?7 ^ S^Fe 












m 


8 


58 G Fe,77 = e 












1 


8 


5^ G Fe,77 G ^'^Fe 












1 


8/m 


5^ G Fe,n ^ Fe,n (i S-^Ye 










S/mmm 


S/mmm 


1 


6 = /J, = 7] — e 












8mm 


2 


6 = fj, — e,7] ^ Te 












822 


2 


§ = e,7] — fj, ^ Ve 












8/m 


2 


6 = n = e, u ^ 












8m2 


2 


5 = 77^Fe,/i = e 












82m 


2 


5 = /i = »; ^ Fe 












A/mmm 


2 


5^ G Fe, T] = jj, = e 












A/mm'm' 


2 


5 = /I ^ Fe, J] = e 












8 


222 


S — e,rt 4: Fe, M ^ Fe, ?7 ^ /xFe 












8 


222 


<5 = r; ^ Fe, /t ^ Fe, // ^ TjFe 












4mm 


222 


52 Gre,// = e,»7^Fe,r;^5Fe 












4m'm' 


222 


5 = H ^ Ye,T] ^ Ye,T] ^ flYe 












422 


222 


5'^ eYe.n = -q ^Ye.ri ^ 5Ye 












42'2' 


222 


eYe,fJ.(/Ye,vi^e,V(^ SfJ-^e 












4/m 


222 


S'^ & Ye,m ^Ye,m ^ &Ye,ri = e 












4 


mmm 


52 e Fe, /i ^ Fe, »; ^ Fe, 5re ^ r;Fe ^ AtFe 












4 


422 


5"* G Fe, // ^ Fe, /t ^ <5Fe, ?7 G (S^Fe 












2/m 


422 


5* G Fe, /i ^ Fe, /t ^ (5Fe, 77 = 6 












2 


A/mmm 


G Fe, /i ^ Fe, r/ <^ Fe, ^^Fe ^ rjFe ^ IjTe 












m 


822 


GFe,//^Fe,/i^5''Fe,»J = e 












I 


822 


(5* G Fe, At ^ Fe, // ^ ^'^Fe, ?7 G ^■♦Fe 












1 


8 /mmm 


58 G Fe, // ^ Fe, 7? ^ Fe, ^'^Fe / //Fe / 7?Fe 
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Table 4 

Spin space-group types on V-lattices with G = 8. In this, and in the following tables a, b, a', and b' are independently or 5, as long as there are no two operations 
in Ye with identical phase functions, and c is any integer between and 7. For = n, n', or nl' the integer j is co-prime with N, where N = n unless Tg = n' 

and n is odd, in which case N = 2n. If N is odd a is necessarily 0. The integer d = I unless N is twice an odd number and o"" (b''') s i, in which case d = I or 
2. Aq denotes the values 0|o| of a phase function on the horizontal generating vectors, and Ai denotes the values |o|0 on the same generators. Lines 3a and 3b 
refer to distinct spin space-group types if = 2'2'2, but give scale-equivalent solutions if = 222, or 2'2'2', where 3a is taken as the representative solution. 
The spin space group symbols for all groups in this table are of the form P^f 8^. For example, if Fe = 222, Ge = 4 and F = 2'2'2', then 5 can be chosen to be e', 
the corresponding line in the Table is 3a or 3b, but since for Fg = 222 they are scale-equivalent only 3a is taken. If, in addition, (z) = | the spin space group 
symbol is Pg2 _j8^. 





= 1,1', 2, 2' 


21' 










58 


(b(")c) 


<I.|'(b(-)c) 






1 


e 


ab 


a'b' 


c 
8 




2 


2.- 


0^ 




8 ^ 1(5 




re = 


= 222, 2'2'2, 2'2'2' 




(5 e 4221' 






<52,-5-' 


(b(")c) 


<I>? (b(''c) 


<55(b»c) 




3a 


2.f 








c 
8 


3b 




ab 


1 1 

2 2 




c 
8 


4 




Aob 


Alb 


al 


c 
8 


Te = 


- n,n' ,n\' 














<!>?* (b(')c) 


4>|'(bWc) 






5 


£ 


4 


a'6' 


c 
8 




6 
7 
8 
9 


4 
4 
4 


a!^i 

n 

a^ 

« 

a^ 


a'fe' 
a'fc' 
a'b' 
a'b' 


8 8b 

c 1 (ij 

8 ^ 4W 

c , 3<ij 
8 8n 
c , dj 
8 2)V 





Table 5 

Spin space-group types on 5-lattices with G = 8. In this and in the following tables c' is any integer between and 3. For Ff = n, or n', the integer j is co-prime 
with N, where N = n unless F^ = n' and n is odd, in which case N = 2n. The spin space-group symbols for all groups in this table are of the form S^'^. 8'^,. For 
example, if F<, = n, Ge = 4 and F = n22 then 5 can be chosen to be 2^ and the corresponding line in the Table is 9 (and n is necessarily 4). If, in addition, j = 3 
and 4>rj (z -I- h) = ^ the spin space-group symbol is 54^582*. 





= 1,1', 2, 2' 










58 


4-7 (k) 






1 


e 




8 




2 


2f 




- + -!- 




Te 


= 222, 2'2'2 


(5 G 4221 


^.S** =£, ,52^5-1 =23,) 




(bWc) 


<I>^^ (b(')c) 


<(^ + h) 




3 




1 1 

?, ?, 


C 

8 




Te 


= n,n',nl' 












58 


<I>?"(b(')c) 


<(z + h) 


4 


ni 


e 




c 
8 


5 






oi 

n 


- + 
8 ^ 8;i 


6 


n-z 


«i 


oi 




7 


if 




oi 

n 


£1+3; 

8 ^ 8n 


8 


ni 




H 


£: + J_ 
8 ^ 2Ar 


9 




e 


y(« = 4) 


/ 

c 
8 
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Table 6 

Spin space-group types on V-lattices with G = 8. The possible values of a, b, a' ,b' , N, j, and d, as well as the notations Aq and A i are as explained in the caption 
of Table 4. Recall that since fg is a generator of G, 5* is necessarily e. Lines 2a and 2b refer to distinct spin space-group types if Fe = 2'2'2 but are scale-equivalent 
if = 222, or 2'2'2', for which line 2a suffices. Spin space-group symbols for all groups in this table are of the form P^.'S^. 



= 1, l',2,2',21' 





<I)^"(b(')c) 


*l'(b»c) 






1 


ab 








re = 


-- 222,2'2'2,2'2'2' 








52^-5-' 


#*(b(')c) 




)c) <I>^^(b(')c) 


2a 


2^ 


0^ 






2b 


2^ 




1 1 

2 2 




3 


2y 








re = 


- n,n',nl' 












<I>?*(b(')c) 




'c) 


4 


e 




a'b' 





Table 7 

Spin space group-types on S-lattices with G = 8. The possible values of N and j are as explained in the caption of Table 5. Recall that since fg is a generator of G, 
is necessarily e. Spin space-group symbols for all groups in this table are of the form 5. .'.8''. 





= 1, l',2,2', 


21' 




<I>7(b(''c) 


1 




Te 


= 222, 2'2'2 






52^5-1 


4>^"(b(')c) <I)?(bWc) 


2 


2y 


2" 2 2 




= n, n' 








<I>/(b('")c) 


3 






4 
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Table 8 

Spin space-group types on V-lattices with G = 8mm. The possible values of a, b, a' , b' , N, j, and d, as well as the notations Aq and Ai are as explained in the 
caption of Table 4. Lines 5a and 5b refer to distinct spin space-group types if Ye = 2'2'2 but are scale-equivalent if Te = 222, or 2'2'2', for which line 3a suffices, 
a, b and d denote either or |. Spin space-group symbols are of the form S'^m'^m'''' where the primary 8'' is replaced by 8| if a = ^ and the secondary is 
replaced according to the values of a and b: d = b = ^ ^ m^, d = Q,b = j => mi^ —> ci^, d = j,b = ^ m'^ ^ bf^, a = b = j ^ —> n^. The 
tertiary m^i^ is replaced by c^i^ if either boxd (but not both) is j . Furtheremore, a subscript a is added to the secondary m** when = Ao -I- a. For example, 

if Ye = I'l'l, Ge = 4mm, Y = I'l'l' , then <5 can be chosen to be e' and the spin space group is described by line 5a or 56, if afo = ^0, a = ^, = and 5 = 
the spin space group symbol will be P^.^^^W nc' . 



Ye = 


= 1,1', 2, 2' 


21' 










(5' = e) 








(b(')c) 


4>j'(b(')c) 


•f^KbW) 






1 


e 


e 


ah 




a 




d 


2 


e 


2i 






(3 


h 


a 


3 


2j 


e 






d 


b 


a 








^« 


a'fc' 


a -t-Ao 


b 


a+f 


4 


2j 


2? 




1^ 


d 




a+\ 


Ye = 


= 222, 2'2'2,2'2'2' 










= 2, ^ = e) 




52,5-' 




<J>?(b<')c) 


<I>e'* (b(')c) 


$^'(b«c) 


<f^(b») 




5a 


2i 


e 




|o 




a 


ft a 


5b 




e 


afc 


1 1 

2 2 




a 


ft a 


6 




2j 


Aofc 


Alb 


4 


Ao -1- a 


ft a 


Ye = 


- n,n' ,n\' 








(5nj<5-i = 


IJ.nziJ-~' = 


5» = (ti-Hti5Y) 




fj,~'5fj,5 




<!)?* (b«c) 


<I>|'(bWc) 


<J>i;(b») 


<(z) 




1 


e 


e 


4 


a'fe' 


a 


ft 


a 


8 


e 


n-z 


oi 


afe 


a 




a 


9 


n-z 


e 


0^ 

n 


ab 


d 


b 










1 lij 

2 n 


ab 


a -l-Ao 


b 




10 




"z 


oi 


ab 


d 
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Table 9 

Spin space-group types on 5-lattices with G = 8mm. The possible values of N and j are as explained in the caption of Table 5, and the notation Aq is explained in the 
caption of Table 4. a and a denote either or i . For any choice of spin-space operations (p.^^SfiS)'* = 5* . Spin space-group symbols are of the form S^'. S^m^m^^^ 
where the primary 8* is replaced by 8| if a = 1 and the secondary is replaced by if a = 1. The tertiary m^^^ is replaced by c*** if a = |. A subscript a is 
added to the secondary m if (b''' ) = o+Aq. 



re = l,l',2,2' {S^ = e) 





IJ,~ ' i5/u5 






*7(k) 
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<(z + h) 








1 
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e 


2z 






d 
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3 
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e 






d 


a + |(3 


1(3+ i 






4 


2? 
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0^ 


d 


a+ia+i 


ia+ i 
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= 222, 2'2'2 
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f^KbW) 
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<I"^(b«) 
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Table 10 

Spin space-group types on V-lattices with G = 8m2. The possible values of «, b, a',b', N, j, and d, as well as the notations Aq and Ai are as explained in the caption 
of Table 4. Lines 4a and 4-b refer to distinct spin space-group types if = 2'2'2 but are scale-equivalent if = 222, or 2'2'2', for which line 4a suiSces. d and b 
denote either or i . Note that since 8 is a generator of G (5* = e. Spin space-group symbols are of the form P^.". S^m^^l^^^ where the secondary is replaced as in 
Table 8 above. 
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Table 11 

Spin space-group types on S-lattices with G = 8m2. Tlie possible values of N and J are as explained in the caption of Table 5. a denotes either or 5. Note that 
since 8 is a generator of G <5* = e. In addition fj? = (/i~'(5/i(5)^'. Spin space-group symbols are oftheform5'':'.8'^m''2'^'' where the secondary m'' is replaced as 
in Table 9 above. 
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Table 12 

Spin space-group types for V-lattices with G = 822. The possible values of a, b, a', b' , c, N, j, and d, as well as the notations Aq and A\ are as explained in the 
caption of Table 4. Lines 4a and4i) refer to distinct spin space-group types if = 2'2'2but are scale-equivalent if = 222, or 2'2'2', for which line 4a suffices, a 
denotes either or i. Note that o? = e. Spin space-group symbols are of the formP.^t8*2"2''™, where the secondary 2" is replaced by 2" if a = \. An additional 
subscript a is added to the secondary 2" if <I>™ (b'"' ) = d+Ao. 
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Table 13 

Spin space-group types for 5-lattices with G = 822. The possible values of c', N and j are explained in the caption Table 5. Note that a~^SaS = a^. Spin 
space-group symbols are of the form S^f.?,^^,!"!^", where the secondary 2" is replaced by 2" if OJ^(b''') = ^. 
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Table 14 

Spin space-group types on V-lattices with G = 82m. The possible values of a, b, a' ,b', N, j, and d, as well as the notations Ao and Ai are as explained in the caption 
of Table 4. Lines 3a and 3h refer to distinct spin space-group types if F,, = 2'2'2 but are scale-equivalent if Fe = 222, or 2'2'2', for which line 3a suffices, a and 
b denote either or ^. Note that for all choices of spin-space operations 5* = e and = e. Spin space-group symbols are of the form P.'^'8''2'*m''" where 2" is 
replaced by 25* if a = i , and m*" is replaced by c^" ifb= ^ . A subscript a is added to the secondary 2 if <I>J (b'"' ) =a+Ao. 
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Table 15 

Spin space-group types for 5-lattices with G = 82m. The possible values of N and j are explained in the caption of Table 5, and the notation Aq is as explained in 
the caption of Table 4. b denotes either or i. Note that since 8 is a generator of G 5* = e. Spin space-group symbols are S^f.S^l^m^" if i> = and S^.'.S^l^c^" 
if i> = i . The secondary 2 is replaced by 2i if 4>« (b(') ) = i and by 2a if (b''' ) s i i . 
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Table 16 

Spin space-group types on V-lattices with G = 8/m. The possible values of a, b, a', b', N, j, and d, as well as the notations Ao and Ai are as explained in the caption 
of Table 4. Lines 3a and 3h refer to distinct spin space-group types if Fe = 2'2'2 but are scale-equivalent if Fe = 222, or 2'2'2', for which line 3a suffices, a and a 
denote either or i. Note that rj^ = e. Spin space-group symbols are of the form P^.'.S^ /m^ where 8* is replaced by 8| if a = ^ and mi is replaced by ifa = j, 
a subscript a is added if <I>^(bW) sa-|-Ao. 
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Table 17 

Spin space-group types on S-lattices with G = 8/m. The possible values of N and j are explained in the caption of Table 5, and the notation Aq is explained in the 
caption of Table 4. Note that rf- = e.a denotes either or ^ . Spin space-group symbols are S^.'. 8^ /nfi if a s and ^f. 8| /d^ if a s i . 
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Table 18 

Spin space-group types on V-lattices with G = fi,/mmm. The possible values of a, b, a', b' , N, j, and d, as well as the notations Aq and Ai are explained in the 
caption of Table 4. Lines la and lb refer to distinct spin space-group types UTe = 2'2'2 but are scale-equivalent if = 222, or 2'2'2', for which line la suffices. 
Note that rj^ = r)^^ firnj. = e. a, h, a, a and h denote either or |. Spin space-group symbols are of the form ^.'.%^ jm^m^m^*^ , where 8'' and rri^ are replaced as 
in Table 16 above, and mP- and m^>^ are replaced as in Table 8 above. 
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Table 19 

Spin space-group types on 5-lattices with G = S/mmm. The possible values of N and j are explained in the caption of Table 5, and the notation Aq is explained in 
the caption of Table 4. Note that r;^ = e. 5 and b denote either or |. Spin space-group symbols are S^f.S^ /in^m^^m^f^ ifS = b = 0, Infimi^c^i^ if o = and 
b = ^,S^f.?,^ Irf^di^m^i^ if a = i and = and 5r''.8*/fi''rf''c''^ if a = = i. For example, if = 7 , Ge = 4mm and T = (14)2'2' the spin-space operations 
can be chosen to be <5 = (14)j and 77 = 2^, is necessarily e since m e Ge- The corresponding line in the Table is 12, if a = 0, S = 5 and ^e{i, -I- h) = 2, the 
spin space-group symbol is Slj ^S^*m^'mc^*. 
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Table 20 

Restrictions on the form of S(k) for any wave vector k in the magnetic lattice L when Fe = 2, 2', or 1'. In each case the form of S(k) depends on the particular 
values of the phases <I>7(b'''c), where 7 is the generator of F^, and on the parities of J2 "i '> where k = J2t=i nM'^ + Ic. Each entry in the Table contains three 
values for the form of S(k): the one on the left is for Ye = 2; the one in the center is for = 2'; and the one on the right is for F^ = 1'. 
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Table 21 

Restrictions on the form of S(k) for any wave vector k 6 L when Te = 21'. In each case the form of S(k) depends on the particular values of the phase functions 
for the generators of r^, and on the parities of Y. and /, where k = "i"'''' + 'c. 
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Table 22 

Restrictions on the form of S(k) for any wave vector k in the magnetic lattice L when Ye = 222 and 2' 2' 2. In each case the form of S(k) depends on the particular 

values of the phase functions for the generators 2* and 2* of F^, where the asterisk denotes an optional prime, and on the parities of n[ + nj, n2 + n4, and /, where 

k = Ei!=i "ib'"' + /c. Each entry in the Table contains two values for the form of S(k): the one on the left is for Te = 222; and the one on the right is for = 2'2'2. 
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Table 23 

Restrictions on the form of S(k) for any wave vector k G L when F^ = 2'2'2'. In each case the form of S(k) depends on the particular values of the phase functions 
for the generators 2^, 2^, and 2^ of Tg, and on the parities of ni + ns, n2 + 14, and /, where k = EiLi "ib''^ + /c. 
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Table 24 

Restrictions on the form of S(k) for any wave vector k e L when Fe = n, n' and nl'. In each case the form of S(k) depends on the particular value of the phase 
functions for the generators of F^, on the parity of n,-, and on the value of /, where k = X^/Li "ib''' + Ic. The conditions for obtaining non-extinct S(k) are listed 

separately for Fe = n, Fe = n' (even n), and F^ = n' (odd n). The restrictions on the form of S(k) for Fe = n\' are obtained from those of Fe = n with the 
additional requirement that S(k) = if: (1) <J>|' (b(''c) = O5 and / is even; (2) <I>|' (b'')c) = 5O and X] «i is even; or (3) <I>|' (b^'^c) = and^iii + lis even. 
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b(3) 



b(4) 


b(^) , . 
. a , m 




A- ^ b(') d, m 


^ 

b(«) = -b(^) 




b(«) = -b(^) 



b(^) = -b(3) 



Figure 1 

The 8-fold star containing tlie horizontal generating vectors and their negatives ±b''' . . . ± b''*' is given by solid arrows. The horizontal shift h [Eq. (2)] of the 
staggered stacking vector is denoted by a dashed arrovi'. The dotted Unes indicate the orientations of the tviio types of vertical mirrors and dihedral axes, as described 
in the text. 
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Appendix A. 
Claculadon of the phase functions associated with 
[Not to be included in the printed version of the paper] 



Before starting we note from inspection of Table 3 that no quotient group G/Ge contains an operation of order 3. This implies, 
among other things, that T/Te cannot contain such an operation and therefore that F cannot be cubic. This then impUes that for any 
possible combination of F and F,,, 

V7 e Fe, (5 e F : d^-yS-^ = 7. (90) 
Relation (90) impUes that one of three conditions must be satisfied: 

1. 5^5~^ = 7, or simply 5 and 7 commute. 

2. 5"f5~^ = 7~'. where 7"' 7^ 7. This may happen if 7 is an n-fold rotation {n > 2), possibly followed by time-inversion, and 
(5 is a perpendicular 2-fold rotation. 

3. 7 is one of a pair of operations in F^ staisfying 6^6~^ = 7' and 5^'5~^ = 7. This may happen if the two operations are 2ji 
and 2y, or 2 j and 2'^, and S is either a 4-fold rotation about the z axis or a 2-fold rotation about the diagonal. 

We shall use relation (90), and the three possibilities for satisfying it, in order to calculate the constraints imposed on 4>J (k) by 
the spin-space operations, paired with the generators of the different octagonal point groups. Recall that we write <I>J(b''')=afoc<i 
instead of fully writing ^]{h'^^^)=a, ^]{h^'^'^)=b, ^]{h''^^)=c, and ^] {h^'^'^)=d; we write ^]{h^'^c}=abcde to indicate in addition 
that <I>J(c)=e; and occasionally, if the four phases on the horizontal generating vectors are equal to a we write <J>J(b^'^)=a or 

A.l. Constraints imposed by 6 (all point groups) 

Let ^8 denote the 8-fold generator (rg or rg), and recall that 5 £ F denotes the the operation paired with it in the spin point group. 
The constraints imposed by the operation 6, which must be satisfied by all the octagonal spin groups, yield the following results: 

Rl. For any 7 G F^, the in-plane phases of are 

where a and b are independently either or 1/2. 
Proof : Relation (90) together with Eq. (3) yields 

a>7(b('))=a>fT^ 

Thus, for any 7 G F^ 

a>2'(b(>))=3>7(b(3))=a; 3)2'(b(2))=3>2'(b(^))=fc; (93) 

and 

3)7(-bW)=3)7(b(')) =^ a)7(b«)=0 or i. (94) 

The last result (due to the linearity of the phase function) impUes that each of the phases a and b in (93) can be either or 1 /2. No 
further constraints arise from application of (3) to the vertical stacking vector, on the other hand, for the staggered stacking vector, 
using the fact [Table 2] that gl{z -h h) = (z + h) -|- b'"*' - b^^\ we obtain 

<^]{z + h)=<^]{z + h)+b-a, (95) 

implying that a=b. 

Note that as a consequence of Rl — along with the fact that for 2-fold operations all phases are either or 1 /2, and the fact that 
no two phase functions can be the same — on 5-lattices there can be no more than three operations of order 2 in F,,. 



{abab V-lattice, ^^^^ 
aaaa ^-lattice, 



(gtb('))=a.7(g^b(')). (92) 
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R2. For any 7 G Tg, if i5 commutes with 7 {dj6 ' — 7) and tlie 8-fold generator is rg, then the in-plane phases of <t>J are 

^7(b»)^|"""" ^-lattice, 
^ [0000 5-lattice, 

where a is either or 1/2. 

If the 8-fold generator is fs the in-plane phases of are 

07(b('))=aaaa (97a) 
regardless of the lattice type, and the phase on the stacking vector is 

0]{c)^l' (97b) 
' \f +c 5-lattice, 

where a and c are either or 1/2 but they cannot both be 0. As a consequence, on vertical lattices 7 is an operation of order 
2, and on staggered lattices 7 is of order 2 or 4 depending on whether a=0 or 1 /2. 

Proof : From appUcation of relation (3) to the horizontal generating vectors we obtain 

3>7(b»)=OfT*"' (g8b«)= ± 3>7(b('+i)), (98) 

where the upper (positive) sign is for gg = rg and the lower (negative) sign (due to the linearity of the phase function) is for = rg. 
This imphes that on V-lattices the two phases a and i> in (91) are equal. Application of (3) to the vertical stacking vector yields (with 
the same sign convention) 

<^]{z)=±<^]{z). (99) 

This implies for V-lattices that if g^ = the phase 3>2'(z)=0 or l/2andthereforethat 7 is an operation of order 2. For the staggered 
stacking vector, with the aid of Table 2, we obtain 

07(z-Fh)=±07(z-Fh)±a, (100) 

implying for 5-lattices that if g^ = rg the phase a in (91) is 0, and if = rg then 2<J>J(z -|- h)=a, whose solutions are given by 
Eq. (97b), and 7 is an operation of order 2 or 4 depending on whether a=Q or 1/2. 

R3. If 7 e Eg, is an operation of order n > 2, 6^5~^ = 7"^ and the 8-fold generator is rg, then the lattice must be staggered, n 
must be 4, and the phases of <J>J are 

<^Vh^'^) = ----, 4>7(z + h)=ior-. (101) 
' 2222 «^ ^ 4 4 ' 

If the 8-fold generator is rg the in-plane phases of <I>7 are 

^, \ aaaa V-lattice, 

bW)= <^ ' (102) 

' [0000 5-lattice, 

where a is either or 1 /2. 

Proof : Application of (3) to the horizontal generating vectors shows again that on V-lattices the two phases a and b in (91) are equal. 
Apphcation of (3) to the vertical stacking vector yields 

c^]{z)=c^]~\gsz)=T^]{^), (103) 

where the upper (negative) sign is for ^g = rg and the lower (positive) sign is for ga = h- This implies that on V-lattices if ^g = rg 
the phase ^] (z) is or 1 /2. If this is the case, then because we know that the in-plane phases of ^] are also either or 1/2, 7^ = e 
in contradiction to the statement that the order of 7 is greater than 2, and therefore the lattice cannot be vertical. 
For the staggered stacking vector we obtain (with the same sign convention) 

«)7(z + h)=T^7(z + h)Ta, (104) 

implying for S-lattices that if gg = rg the phase a in (91) is 0, and if = rg then 2(^]{z+h)=a. If a=0 then aU the phases of are 
either or 1/2 implying that 7 is of order 2, and therefore we must take a=l/2, in which case 7 is of order 4, and <J>J(z -|- h)=l/4 
or 3/4. 
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R4. If 2| , 2| e Tg, where the asterisk denotes an optional prime, and S2^S = 2|, the directions of the x and y axes in spin-space 

2* 2? 

can be chosen so that the in-plane phases of cS>e' and <5/ are 



4>,''(b«)^0i0i, 4>f(b('))^i0i0 y-lattice, 
[^f (b»)=<&f (b«)=iiii 5-lattice, 



and the phases on the stacking vector are 



.2? ,_^_^2;,_,_^ 1 

I (z -I- h)=0, (z -I- h)=i 5-lattice. 



|4>^(z).4>/(z).0ori y-lattice, ^^^^^^ 



Proof : Let 71 and 72 denote the two 2-fold operations, and note that since the phases <I>J' (k) and OJ^ (k) are always either or 1/2 
the signs of these phases can be ignored. Application of Eq. (3) to the horizontal generating vectors yields 

3>7' (b»)=3>fT"*"' (g8b»)=02'^(±b('+i)), (106) 

This impUes through result Rl that on V-lattices if (b^'^ ) =abab then 3>p (b ) =baba, and that on ^-lattices ^"^ ) i^^"^ ) =aaaa, 
where a and b are either or 1/2. 

Apphcation of Eq. (3) to the vertical stacking vector yields 

3.7> (z)=a.fT"*"' {gsz)=<^T{z), (107) 

where we have ignored the sign difference between rgz and rgz. This equality of phases impUes that a and b cannot be equal 
otherwise 71 =72- We can always choose the orientation of the x and y axes in spin space such that the phase function associated 
with 2^ is the one whose values on the horizontal generating vectors are O^Oj. 

Finally, apphcation of Eq. (3) to the staggered stacking vector, ignoring again the sign difference between r8(z-|-h) and r8(z-|-h), 
yields 

<I)7'(z-Fh)=<I>2'^(z + h) +fl. (108) 

Since the two phase functions have identical values on the horizontal sublattice they must differ on the stacking vector. This requires 
that a be 1 /2. Here we can always choose the orientation of the x and y axes in spin space such that the phase function associated 
with 2| is the one whose value on the staggered stacking vector is 0. 

A.2. Constraints imposed by n (point groups 8mm, 8m2, and S/mmm) 

Using the third Une of Table 2, summarizing the effect of the mirror m on the lattice generating vectors, we obtain the following 
results: 

Ml. For any 7 e F^, if commutes with 7, the in-plane phases of ^] are 

^7(b(0)^/«^«^ (109) 
' [0000 5-lattice, 

where a and b are independently either or 1 /2. 

Proof : Starting from the general result Rl, we see that no further constraints arise from application of (3) to the horizontal generating 
vectors and to the vertical stacking vector, and so there is no change from the general case for V-lattices. For the staggered stacking 
vector we obtain 

(^]{z + h)=(^']{z + h)-a, (110) 

implying that on ^-lattices the phase a in (91) is 0. 

M2. If 7 G Fe, is an operation of order n > 2, and = 7~'> then the lattice must be staggered, n must be 4, and the phases 

of 3>7 are 

<57(b«)=i---, <J>7(z-Fh)=ior-. (Ill) 

' 2222 «^ ^ 4 4 ' 
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Proof : From result Rl we know that the in-plane phases of <I>J are either or 1 /2. Application of (3) to the vertical stacking vector 
yields an expression similar to Eq. (103) for rg, implying that the phase of <t>7(z) is also or 1/2. If this is the case then 7^ = e in 
contradiction to the statement that the order of 7 is greater than 2. The only possibility that is left is for an 5-lattice, in which case 
application of (3) to the staggered stacking vector yields an expression similar to Eq. (104) for and therefore to the same phases 
obtained in result R3 [Eq. (101)]. 

MB. If 2| , 2| e Fe, where the asterisk denotes an optional prime, /u2|/i~^ = 2|, and the mirror is of type m, then the lattice must 

2* 2? 

be staggered, the in-plane phases of ^/ and <J>e' are 

<&^-(b»)^<&f(b»)^iili (112a) 
and the directions of the x and y axes in spin-space can be chosen so that the phases on the staggered stacking vector are 

^ (z + h)EEO, «>e' (z + h)=i. (112b) 

Proof : Let 71 and 72 denote the two 2-fold operations, and note that since the phases C*) and (k) are always either or 1 /2 
the signs of these phases can be ignored. Application of Eq. (3) to the horizontal generating vectors yields 

3)7>(b('))=3)7^(b('+^*)), (113) 

for some integer k that depends on i. Together with result Rl, Eq. (113) implies that the two phase functions are identical on the 
horizontal sublattice. Application of Eq. (3) to the vertical stacking vector establishes that the two phase functions are identical 
everywhere in contradiction with the fact that 71 7^ 72, and therefore that the lattice cannot be vertical. Application of Eq. (3) to the 
staggered stacking vector yields 

^]'{z + h)=^f{z + h)+a. (114) 

Since the two phase functions have identical values on the horizontal sublattice they must differ on the stacking vector, requiring 
that a be 1/2. We then choose the orientation of the x and y axes in spin space such that the phase function associated with 2| is the 
one whose value on the staggered stacking vector is 0. 

A.3. Constraints imposed by a (point groups 822 and 82m) 

Using the fourth line of Table 2, summarizing the effect of the dihedral rotation d on the lattice generating vectors, we obtain the 
following results: 

Dl. For any 7 G F^., if a commutes with 7 the in-plane phases are the general ones given in result Rl [Eq. (91)]. If the lattice is 
vertical, the phase of 4>J (z) is independently or 1/2, implying that 7 is an operation of order 2. If the lattice is staggered the 
phase on the stacking vector is 

3.7(2 + h)=|+c, (115) 

where a is the in-plane phase in (91), and c=0 or 1 /2 but a and c cannot both be 0. Consequently, 7 is an operation of order 
2 or 4, depending on whether a=0 or 1 /2. 

Proof : Application of Eq. (3) to the horizontal generating vectors yields no further constraints beyond the general result Rl . Appli- 
cation of Eq. (3) to the vertical stacking vector yields 

^]{x)=-^]{x), (116) 

implying that the phase of ^] (z) is or 1/2. If this is the case then 7 is necessarily an operation of order 2. AppUcation of Eq. (3) 
to the vertical stacking vector yields 

4>J(z + h)=-4>7(z+h)+4>J(2h)-fl. (117) 

It follows from the general result Rl that ^]{2h)=Phrj{h^^^ + b'^' + b*^' - b*'*')=0, and therefore that 2<^]{z + h)=a, whose 
solutions are given by Eq. (115). If a=0 then 7 is again of order 2; If a=l /2 then 7 is of order 4. 

D2. If 7 € Fg, is an operation of order n > 2, aja~^ = 7~^ and the lattice is vertical there are no additional constraints on the 
phase function <E>7. If the lattice is staggered then the in-plane phases of <E>7 are all 0. 

Proof: This can easily be seen by applying Eq. (3) to the generating vectors while noting that 4>J(2h)=0. 
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D3. If 2|,2| e Fg, where the asterisk denotes an optional prime, and a2|a ' = 2|, then the lattice must be staggered, the 

2* 2? 

in-plane phases of 3>/ and 3>/ are 

<&^^(b«)^3.^^(b«)^iyi (118) 
and the directions of the x and y axes in spin-space can be chosen so that the phases on the staggered stacking vector are 

^f{c)=0, 3'?(c)=i. (119) 

Proof : This result is established in the same way as result M3 for the mirror m due to the fact that the sign of the phases can be 
ignored and the fact that ^] (2h)=0. 

A.4. Constraints imposed by rj (point groups 8/m and i/mmm) 

Finally, using the fifth line of Table 2, summarizing the effect of the horizontal mirror h on the lattice generating vectors, we 
obtain the following results: 

HI. For any 7 e F^, if 77 commutes with 7, then the phase of on the stacking vector is 

<I.J(c)=Oori (120) 

which implies that 7 is an operation of order 2. 

Proof : Application of Eq. (3) to the horizontal generating vectors yields no further constraints beyond the general result Rl. Ap- 
plication of Eq. (3) to the vertical stacking vector yields Eq. (116), and application of Eq. (3) to the staggered stacking vector 
yields 

3)7(z + h)=-07(z + h)+<J>7(2h). (121) 
Because 3>7(2h)=0, Eqs. (116) and (121) imply that for both lattice types the phase on the stacking vector is either or 1/2. 

H2. If 7 e Fe, is an operation of order n > 2, and 77777"' = 7"' there are no additional constraints on the phase function ^'J. 

Proof: This can easily be seen by applying Eq. (3) to the generating vectors while noting that <I>7(2h)=0. 

H3. If 2| , 2* e Fe, where the asterisk denotes an optional prime, then they must both commute with 77 and their phase functions 
are only constrained by results Rl and HI. 

Proof : Let us denote the two operations by 71 and 72 and assume that rather than commuting with 77 they satisfy 77717;"' = 72, 
then application of Eq. (3) to the generating vectors of both lattice types, while noting that <I>J(2h)=0, establishes that both phase 
functions are identical everywhere in contradiction with the fact that 71 7^ 72- 
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Appendix B. 
Octagonal spin space-group types 
[Not to be included in the printed version of the paper] 

The following Tables list all the 3 -dimensional octagonal spin space-group types, explicitly identifying the spin-space operations 
S, jj,, r], and a appearing in the spin point-group generators. There are a total of 16 tables, one for each combination of point group 
G and lattice type. The first few columns of each table give the structure of the spin point group Gg by listing Fg, Ge, F, and the 
quotient group G/Gc- Following these is a column that explicitly lists the generators (r^, 5), (r^, 5), {m, fi), (d, a), and {h, rf). The 
last column in each table refers to a line in the corresponding spin space-group table in the main part of the paper (Tables 4-19), 
which gives the possible values of all the phase functions for the generators of the spin point group, as well as a rule for generating 
the spin space-group symbol. 

Table 25: Explicit list of octagonal spin space-group types with G = 8 
on V-lattices. The last column refers to line numbers in Table 4, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 
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Table 25: continued 
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Table 26: Explicit list of octagonal spin space-group types with G = 8 
on 5-lattices. The last column refers to hue numbers in Table 5, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 
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Table 27: Explicit list of octagonal spin space-group types with G = 8 
on V-lattices. The last column refers to line numbers in Table 6, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 
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('=8.41) 


1 




1 


8 


81' 


('=8,81) 


1 


1' 


8 


1 


1' 


(rg.e) 


1 




4 


2 


21' 


('=8,2.) 


1 




2 


4 


41' 


('=8,4,) 


1 




1 


8 


81' 


(^8,8,:) 


1 


21' 


8 


1 


21' 




1 




4 


2 


41' 












2'2'2' 








2 


4 


81' 


('=8,8.) 




n 


4 


2 


n2*2* 


('=8,21) 


4 


n' 


4 


2 


n'l*n'* 


('=8,21) 


4 


nV 


4 


2 


n22\' 


(^=8,2,) 


4 


122 


8 


1 


222 




2a 




4 


2 


2'2'2' 




2a 








4*2T2*T 


('=8,41) 


3 


2'2'2 


8 


1 


2'2'2 


('=8,e) 


2 




4 


2 


2'2'2' 


ih,e') 


2 








4*2T2*T 


('=8,41) 


3 


2'2'2' 


4 


2 


4221' 


(^8,4,) 


3 



Table 28: Explicit list of octagonal spin space-group types with G = 8 
on 5-lattices. The last column refers to line numbers in Table 7, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 





G, 


G/G, 


r 


generator 


line 


1 


8 


1 


1 


('=8,e) 






4 


2 


2* 


('=8,2^) 










1' 


('=8,0 






2 


4 


4* 


(^"8,4|) 






1 


8 


8* 


(^8,8|) 




2 


8 


1 


2 








4 


2 


4* 


('=8,41) 










2*2*2 


('=8,21) 










21' 


(^-8,e') 
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Table 28: continued 





Ge 




r 


generator 


line 




2 


4 


8* 


(f8,8*) 


1 


2' 


8 


1 


2' 








4 


2 


2'2'''2''' 












21' 


7^ 7^; 

('-8,e') 






2 


4 


41' 


(''8-4?) 






2 


4 


41' 






1' 


8 


1 


1' 


(r8,e) 






4 


2 


21' 


(r8.2,) 






2 


4 


41' 


('^8.4,) 






1 


8 


81' 


('=8,8.) 


1 


n 


8 


1 


« 


(h-r) 


4 




4 


2 


(2,0''^ 


{h,2n:) 


4 








n2*2* 


(''8,21) 


3 








nV 


(?8,e') 


4 


n' 


8 


1 


n' 


('=8,e) 


4 




4 


2 


n'2*n'* 


(?8,2|) 


3 


2*2*2 


4 


2 


2'2'2' 


(^-8,e') 


2 



Table 29: Explicit list of octagonal spin space-group types with G = 
%mm on V-lattices. The last column refers to Une numbers in Table 8, 
where the possible phase functions are listed, and rules are given to gen- 
erate the spin space-group symbol. 



G, 


GIG, 


r 


generators 


line 


r, = 1 


Smm 


1 


1 


{rs,e){m, e) 




8 


m 


2 


(r8,e)(m,2^) 








2' 


(r8,e)(m,20 








1' 


{rs,e){m, e') 




4mm 


2 


2* 


(r8,2|)(m,e) 








1' 


(r8, f')(m. f) 




4m'm' 


2 


2" 


(/■8,2|)(;/H.2i) 








I' 


(r8,e')(w,e') 




4 


2mm 


2*2t2*t 


(r8,2|)(m,2l) 








21' 


(r8,2|)(m,e') 










(r8,e')(m,2*) 










(r8,2?)(m,2i*) 




2 


4mm 


4*2t2t* 


(r8,4|)(m,2l) 




1 


8mm 


8*2t2*t 


(r8,8|)(m,2l) 










(r8,83*)(m,2T) 




r, = 2 




1 


2 


(/■x. ()('"• 




8 


m 


2*2*2 


(r8,e)(m,2|) 








21' 


(rs, f)(m. c') 








4' 


('8,0 ('"-4!) 




4mm 


2 


2*2*2 


(r8,2|)(OT,e) 








21' 


(rs, r')(m, f) 








4" 


('■8,4J:)(;ffl.O 




4m'm' 


2 


2*2*2 


(r8,2^)(m,2^) 








21' 


(r8,e')(m,e') 
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Table 29: continued 







1 










4* 




A 


4 


2mm 


4*2t2*t 


(r8,4|)(m,2l) 


1 


(r8,2l)(m,4|) 


4 


('-8,2l)(m,2*;) 


3 


41' 


(r8,4*)(m,e') 


3 


(rs,e')(m,4|) 


2 


(rs,4|)(m,4f) 


4 


2'2'2' 


(r8,2*)(m,e') 




(r8,e')(OT,2*) 




(r8,2|)(m,2^) 




2 


Amm 


8*2t2*t 


(r8,8|)(m,2t) 




r, = 2' 




1 


2' 


(r8,e)(OT, e) 




8 


OT 


2'2*2'* 


(r8,e)(m,2*) 




21' 


(rs, f)(m. c') 




4mm 


2 


2'2"-2'-" 


(/■x,2^ )(/«.() 




21' 


(r8,e')(w, e) 




Am'm' 


2 


2'2*2'* 


(r8,2|)(m,2|) 




21' 


(r8,e')(m,e') 




4 


2mm 


2'2'2' 


(r8,2|)(m,e') 




(r8,e')(m,2|) 




(r8,2|)(m,2C*) 




2 


Amm 


4221' 


(r8,4?)(m.2l) 




1 


8mm 


8221' 


(r8,8|)(m,2l) 




r. = i' 


8mm 


1 


1' 


(r8,e)(OT,e) 




8 




21' 


(r8,e)(OT,22) 




Amm 


2 


21' 


(r8,2=)(OT, f) 




Am' m' 


2 


21' 


(;;s,2,=)(/H,2,=j 




A 


2mm 


2'2'2' 


(r8,2j)(m,2^-) 




2 


Amm 


4221' 


(r8,4^)(m,2^) 




1 


8mm 


8221' 


(r8,8,-)(m,2;E) 




(r8,83*)(m,2^) 




r, = 21' 


8mm 


1 


21' 


(r8,e)(m,e) 




8 


m 


41' 


(r8,e)(m,4j;) 




2'2'2' 


(r8,e)(m,2.f) 




Amm 


2 


41' 


(r8, 4|;)(m, e) 




2'2'2' 


(r8,2^)(OT, e) 




Am'm' 


2 


41' 


(r8,4,:)(m,4,:) 




2'2'2' 


(r8,2^)(m,2i) 




A 


2mm 


4221' 


(r8,4j)(m,2^-) 




(r8,2j:)(m,4f) 


4 


{r<i,2i){m,2<cy) 


3 


2 


Amm 


8221' 


(r8,8,-)(m,2^) 


1 


Te =n 


Smm 


1 


n 


(r8,e)(m, e) 


7 


8 


2 


(2„)* 


(r8,e)(m,(2n)|) 


8 


nl' 


(r8,e)(m,e') 


7 


Amm 


2 


(2n)* 


(rs, (2n)|)(m,e) 


9 
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Table 29: continued 





GIG, 


r 


generators 


line 






«i' 


(r8,e')(m, e) 


7 


Am'm' 


2 


(2n)* 


(r8,(2n)|)(m,(2n)|) 


10 


nl' 


(r8,e')(m,e') 


7 


4 


1mm 


(2n)l' 


(r8,(2n)¥)(m,e') 


9 


(r8,f')(wi-(2«)?) 


8 


(/■„(2/0lj(/«,(2n)i^') 


10 


r, = n' 


8mm 


1 


n' 


(r8,e)(m,e) 


7 


8 


m 


nV 


(r8,e)(m,e') 


7 


4mm 


2 


nV 


(r8, e')(m, e) 


7 


Am'm' 


2 


nl' 


(r8,e')(m,e') 


7 


Ye = nV or n' 


8mm 


1 


nV 


(r8,e)(m, e) 


7 


8 


m 


(2«)1' 


(r8,e)(m, (2n)j) 


8 


4mm 


2 


(2«)1' 


('"8, (2«)z)(m,e) 


9 


Am'm' 


2 


(2n)l' 


(r8,(2n)|)(m,(2n)|) 


10 


Ye = 222 


8mm 


1 


222 


(r8,e)(m,e) 


5a 


8 


m 


2'2'2' 


(r8,e)(m,e') 


5a 


4mm 


2 


2'2'2' 
4*22* 


(r8,e')(m,e) 


5a 


(r8,4|)(m,e) 


6 


4m'm' 


2 


2'2'2' 


(r8,e')(m, e') 


5a 


4 


2mm 


4221' 


(r8,4|)(m, e') 


6 


r, = 2'2'2 


8mm 


1 


2'2'2 


()('"■ 


5 


8 


m 


2'2'2' 


(r8,e)(m, e') 


5 


4mm 


2 


2'2'2' 
4*22* 


(r8,e')(m,e) 


5 


(r8,4|)(m,e) 


6 


Am'm' 


2 


2'2'2' 


(r8,e')(m, e') 


5 


4 


2mm 


4221' 


(r8,4|)(m,e') 


6 


Ye = 2'2'2' 


4mm 


2 


4221' (r8,4,-)(m,e) 


6 
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Table 30: Explicit list of octagonal spin space-group types with G = 
Smm on 5-lattices. The last column refers to line numbers in Table 9, 
where the possible phase functions are listed, and rules are given to gen- 
erate the spin space-group symbol. 



Ge G/Ge r 


generators 


line 


r, = i 


8 WOT 


1 


1 


[n,t){m,e) 




8 


m 


2 


(r8,e)(OT,2j) 




2' 


(r8,e)(OT,20 




1' 


(r8,e)(OT, e') 




4mm 


2 


2* 


(r8,2|)(OT,e) 




1' 


(r8,e')(OT, e) 




4m'm' 


2 


2* 


(r8,2*)(OT,2|) 




1' 


(r8, e')(OT, e') 




4 


2mm 


2*2t2*t 


(r8,2|)(OT,2l) 




21' 


(r8,2*)(OT,e') 




(r8,e')(OT,2|) 




(r8,2|)(OT,2;-*) 




2 


4mm 


4*2t2t* 


(r8,4|)(m,2l) 




1 


8mm 


g*2t2*t 


('-8,8*)(OT,2l) 




(r8,83*)(m,2l) 




r, = 2 


8 WOT 


1 


2 


(r8,e)(OT, e) 




8 


m 


2*2*2 


(r8,e)(m,2|) 




21' 


(r8,e)(m,e') 




4* 


(r8,e)(OT,4|) 




4mm 


2 


2*2*2 


(r8,2|)(OT,e) 




21' 


(r8, e')(OT, e) 




4* 


(r8,4*)(OT, e) 




4m'm' 


2 


2*2*2 


(r8,2|)(OT,2|) 




21' 


(r8,e')(OT, e') 




4* 


(r8,4*)(OT,4|) 




4 


2mm 


4*2t2*t 


(r8,4*)(OT,2l) 




(r8.2l)(OT.4*) 








41' 


(r8,4|)(OT,e') 


3 


(r8.c')(OT.4^) 


2 




4 


2'2'2' 


(r8,2|)(OT,e') 




(r8,6')(m,2*) 








2 


4mm 


g*2t2*t 


(r8,8|)(m,2T) 




r, = 2' 


8mm 


1 


2' 


(r8,e)(m,e) 




8 


m 


2'2*2'* 


(r8,e)(m,2|) 




21' 


(r8,e)(m,e') 




4mm 


2 


2'2*2'* 


(r8,2|)(OT,e) 




21' 


(r8,e')(OT,e) 




4m'm' 


2 


2'2*2'* 


(r8,2|)(OT,2|) 




21' 


(r8,e') («,£') 




4 


2mm 


2'2'2' 


(r8,2*)(OT,e') 




(r8,e')(OT,2|) 




(r8,2|)K2^*) 
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Table 30: continued 





G/G, 


r 


generators 


line 


2 


4mm 


4221' 


(r8,4*)(m,2l) 




1 


8mm 


8221' 


(r8,8|)(m,2l) 




r. = i' 


8mm 


1 


1' 


(r8,e)(m, e) 




8 


m 


21' 


(r8,e)(m,2^) 




4mm 


2 


21' 


(r8,2j)(m,e) 




4m'm' 


2 


21' 


{rf.,2i){m,2i) 




4 


2mm 


2'2'2' 


(''8,2=r)(m,2^-) 




2 


4mm 


4221' 


(r8,4j)(m,2i) 




1 


8mm 


8221' 


(r8,8,-)(m,2;E) 










(r8,83*)(m,2l) 




= n 


Smm 


1 


n 


(r8,e)(m,e) 


6 


8 


2 


(2„)* 


(r8, e)(w, (2n)*) 


7 






nl' 


(r8, e)(m, e') 


6 


4mm 


2 


(2„)* 


(r8, (2n)|)(m,e) 


8 






nl' 


(r8,e')(OT, e) 


6 


4m'm' 


2 


(2n)* 


(r8,(2n)|)(m, (2n)|) 


9 






n2*2* 


(r8,2|)(m2|) 


10 






«1' 


(r8,e')(m,e') 


6 


4 


222 


(2n)*2t2*t 


(r8,(2n),2,*T)(m,2]) 


11 






n221' 


(r8,2|)(m,2r) 


10 






(2n)l' 


(r8, (2n)*)(m, e') 


8 








(r8,e')(m,(2n)?) 


7 








(r8,(2n)?)(m,(2n)f) 


9 


r, = «' 


8mm 


1 


«' 


(r8,e)(m,e) 


6 


8 


m 


nl' 


(r8,e)(m,e') 


6 


4otot 


2 


nl' 


(r8,e')(m,e) 


6 


4m'm' 


2 


n'2*2'* 


(r8,2*)(m,2*) 


10 






nl' 


(r8,e')(m,e') 


6 


4 


222 


n22\' 


(r8,2J)(m,2^*) 


10 


r, = 2*2*2 


4m'm' 


2 


4t2*2*t 


(r8,4|)(m,4T) 


5 


4 


2mm 


4221' 


(r8,4|)K4[) 


5 
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Table 3 1 : Explicit list of octagonal spin space-group types with G = 8m2 
on V-lattices. The last column refers to line numbers in Table 10, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 



Ge G/Ge r 


generators 


line 


r, = 1 


8m2 


1 


1 


(r8,e)(OT, e) 




8 


2 


2* 


(r8,e)(m,2|) 




1' 


(r8,e)(m, e') 




4mm 


2 


2* 


(P8,2|)(m,e) 




1' 


(r8,e')(m, e) 




42'2' 


2 


2* 


(r8,2|)(m,2|) 




1' 


(r8,e')(m, e') 




4 


222 


2*2'l'2*t 


(r8,2|)(m,2l) 




21' 


(r8,2|)(m,e') 




(P8,e')(m,2|) 




(r8,2^)(m,2f) 




2 


422 


4*2t2t* 


(r8,4|)(m,2l) 




1 


8w2 


8*2t2*t 


(r8,8|)(m,2l) 




(r8,8f)(m,2T) 




r, = 2 


8ot2 


1 


2 


(r8,e)(m,e) 




8 


2 


2*2*2 


(r8,e)(m,2|) 




21' 


(r8,e)(m,e') 




4mm 


2 


2*2*2 


(r8,2|)(m,e) 




21' 


(r8,e')(w, e) 




4* 


(r8,4|)(m,e) 




42'2' 


2 


2*2*2 


(r8,2|)(m,2|) 




21' 


(r8,e')(m, e') 




4* 


(r8,4|)(m,4|) 


3 


4 


222 


4*2t2*t 


(r8,4|)(m,2i-) 


1 


(r8,2l)(m,4|) 


3 


(r8,2])(m,2;j) 


2 


41' 


(r8.4^)(»7.f') 


2 


(h- 41) (in. 4':-) 


3 


2'2'2' 


(r8,2|)(m,e') 




(r8.6')(«7.2;) 








2 


422 


g*2t2*t 


{rs,SI){m,2l) 




r, = 2' 


8ot2 


1 


2' 


(r8,e)(m,e) 




8 


2 


2'2*2'* 


(r8,e)(m,2*) 




21' 


(r8,e)(m,e') 




4mm 


2 


2'2*2'* 


(r8,2|)(m,e) 




21' 






42'2' 


2 


2'2*2'* 


(r8,2|)(m,2|) 




21' 


(r8,e')(m,e') 




4 


222 


2'2'2' 


(P8,2|)(m,e') 




(r8, 2?) 




(r8,2|)K2^*) 




2 


422 


4221' 


ihAt){m,2l) 




1 


8m2 


8221' 


(r8,8|)(m,2|) 




r. = i' 
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Table 31: continued 





GIG, 


r 


generators 


line 


8m2 


1 


1' 


(r8,e)(m,e) 


1 


8 


2 


21' 


(r8,c)(m.2=) 


1 


Amin 


2 


21' 


(/■■8,2=j(/».0 


1 


42'2' 


2 


21' 


(r8,2^)(m,2j) 


1 


4 


222 


2'2'2' 


(r8,22-)(m,2;e) 


1 


2 


422 


4221' 


(''8,4f)(m,2j) 


1 


1 


8m2 


8221' 


(p8,82)(m,2^-) 


1 








(r8,8|)(m,2,) 


1 


r, = 21' 


8m2 


1 


21' 


(r8,e)(m,e) 


1 


8 


2 


2'2'2' 


(r8,e)(m,2;;) 


1 


4mm 


2 


41' 


(r8,4j)(m,e) 


1 






2'2'2' 


(r8,2.f)(m, e) 


1 


42'2' 


2 


41' 


(r8,4,-)(m,4j) 


3 






2'2'2' 


(r8,2i)(m,2.f) 


1 


4 


222 


4221' 


(r8,4jr)(m,2^-) 


1 








(r8,2t)(w,4|;) 


3 








(r8,2^)(OT,2;tj,) 


2 


2 


422 


8221' 


(r8,8j)(m,2^) 


1 




4mm 


2 


n2*2* 


('"8-2f)(»1:f) 


6 


4 


222 


(2/i)'"2t2'-"'" 


(r8,2l)(/,K(2/0;) 


7 






n221' 


(P8,2J)(m,e') 


6 


r, = «' 


4mm 


2 


n'2*2'* 


('=8,2|)(OT,e) 


6 


4 


222 


n221' 


(r8,2|)(m,e') 


6 


r, = nl' 


4mm 


2 


n221' 


(r8,2;t)(m,e) 


6 


4 


222 


(2n)221' 


(r8,2;E)(m, (2n),-) 


7 


Fe = 222 


8ot2 


1 


222 


(r8,e)(m,e) 


4a 


8 


2 


2'2'2' 


(r8,e)(m, e') 


4fl 


4mm 


2 


2'2'2' 


(r8,e')(m,e) 


4fl 






4t2*2*t 


(r8,4|)(m,e) 


5 


42'2' 


2 


2'2'2' 


(r8,e')(m, e') 


4fl 


4 


222 


4221' 


(^8,4,l)(m,e') 


5 


= 2'2'2 


8m2 


1 


2*2*2 


(r8,e)(m,e) 


4 


8 


2 


2'2'2' 


(r8,e)(m,e') 


4 


4mm 


2 


2'2'2' 


(r8,e')(m,e) 


4 






4t2*2*t 


(r8,4|)(w,e) 


5 


42'2' 


2 


2'2'2' 


(r8,e')(m, e') 


4 


4 


222 


4221' 


(r8,4l)(OT,e') 


5 


r, = 2'2'2' 


Amin 


2 


4221' 




5 
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Table 32: Explicit list of octagonal spin space-group types with G = 8m2 
on 5-lattices. The last column refers to line numbers in Table 11, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 



Ge G/Ge r 


generators 


line 


r, = 1 


8w2 


1 


1 


(r8,e)(w, e) 




"8 


2 


2* 


(f8,e)(m,2|) 




1' 


(f8,e)(m, e') 




4mm 


2 


2* 


(r8,2*)(m, e) 




1' 


(f8,e')(m, e) 




42'2' 


2 


2* 


(f8,2|)(m,2|) 




1' 


(r8,e')(m, e') 




4 


222 


2*2'l'2*t 


(f8,2|)(m,2]) 




21' 


(f8,2|)(m,e') 




(r8,e')(m,2|) 




(r8,2|)(m,2;-*) 




2 


422 


4*2t2t* 


(f8,4|)(m,2l) 




1 


8m2 


8*2t2*t 


(r8,8J)(m,2l) 




(r-8,8|*)(m,2T) 




r, = 2 


8ot2 


1 


2 


(r8,e)(m,e) 






2 


2*2*2 


(r8,e)(m,2*) 




21' 


(rs, e)(m, e') 




4mm 


2 


2*2*2 


(r8,2|)(m,e) 




21' 


(r8,e')(m, e) 




42'2' 


2 


2*2*2 


(r8,2|)(m,2|) 




21' 


(f8, e')(m, e') 




4* 


(r8,4*)(m,4|) 




4 


222 


4*2t2*t 


(r8,4|)(m,2l) 




(r8,2l)(m,4|) 




41' 


(f8,4|)(m,4;-*) 




2'2'2' 


(r8,2|)(m,e') 




(r8,e')(m,2|) 




(r-8,2|)(m,2^*) 




2 


422 


g*2t2*t 


(r-8,8J)(m,2l) 




r, = 2' 


8ot2 


1 


2' 


(r8,e)(m,e) 




=8 


2 


2'2*2'* 


(r8,e)(m,2|) 




21' 


(f8,e)(m, e') 




4mm 


2 


2'2*2'* 


(f8,2|)(m,e) 




21' 


(f8, e')(m, e) 




42'2' 


2 


2'2*2'* 


(f8,2|)(m,2|) 




21' 


(r8,e')(m, e') 




4 


222 


2'2'2' 


(r8,2*)(m,e') 




(r8,e')(m,2|) 




(r8,2|)(m,2^*) 




2 


422 


4221' 


(r8,4;)(m,2l) 




1 


8m2 


8221' 


(f8,8|)(m,2l) 




r, = i' 


8«72 


1 


1' 


('"8- 0('"- 




"8 


2 


21' 


(r8,e)(m,22) 




4mm 


2 


21' 


(r8,2j)(m,e) 
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Table 32: continued 





G/Ge 


r 


generators 


line 


42'2' 


2 


21' 






4 


222 


2'2'2' 


(h.2,)(m,2,) 




2 


422 


4221' 






1 


8m2 


8221' 


(r8,8,)(m,2,-) 










(r8,8|)(m,2,) 




= n 


"8 


2 


«2*2* 


(r8,e)(m,2*) 


6 


Amm 


2 


(2n)*n2*2* 


(r8,2*)(m,e) 


4 


4 


222 


(2n)*2t2*t 


(r8,(2«)J)(m,2l) 


6 








(f8,2l)(m,(2«)|) 


5 






n221' 


(r8,2*)(m,e') 


4 








(r8,e')(m,2|) 


6 


r, = n' 


"8 


2 


«'2*2'* 


(r8,e)(m,2|) 


6 


Amm 


2 


n'2*2'* 


(r8.2*)(m.6) 


4 


A 


222 


n221' 


(rs.2i)(/;!.(') 


4 








(f8,e')(OT,2|) 


6 


2 


422 


(2n)221' 


(f8,(2n)|)(m,2T) 


6 


= 2*2*2 


42'2' 


2 


4t2*2t* 


(f8,4j)(m,4j) 


3 


4 


222 


4221' 


(P8,4l)(m,4iT) 


3 



Table 33: Explicit list of octagonal spin space-group types with G = 822 
on V-lattices. The last column refers to line numbers in Table 12, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 



Ge 


G/G, 


r 


generators 


line 


r, = 1 


822 


1 


1 


(r8,e)(c/,e) 




8 


m 


2* 


(r8,e)(c/,2|) 








1' 


(r8, e)((i, e') 




422 


2 


2* 


('-8, 2* )(«',€) 








1' 


(r8,e')((i,e) 




42'2' 


2 


2* 


(r8,2*)(fl',2?) 








1' 


(r8,6')(rf,f') 




4 


222 


2-2t2*-t 


(/■8,2f)(^/.2l) 








21' 


('-8,2|)Ke') 










(r8,e')(d,2|) 










(/-8,2i)(d,2'*) 




2 


422 


4*2t2t* 


('•8,4*)(^/,2|) 




1 


822 


g*2t2*t 


(r8,8|)(fl',2t) 










(r8,8|*)(t/,2t) 




r, = 2 


822 


1 


2 


(r8,e)(t/,e) 




8 


m 


2*2*2 


('-8,e)(^,2t) 








21' 


('-8, 




422 


2 


2*2*2 


('-8,2*)(«',6) 








21' 


(r8,e')(J,e) 








4* 


(r8,4|)(J,e) 


3 
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Table 33: continued 





GIG, 


r 


generators 


line 


42'2' 


2 


2*2*2 


(r8,2|)(t/,2|) 


1 






21' 


(r8,e')(d,e') 


1 


4 


222 


4*2t2*t 


(r8,4?)W,2t) 


1 










3 






41' 


frs 4?)fc/ e') 


3 






2'2'2' 


frs,2?)W e') 


1 








fr8,e')W 2?) 


1 








(n,2*)(d,2'*) 


1 


2 


422 


g*2t2*t 




I 


1 


coo 
ozZ 


/I /;"\*'7t'7*t 

(^lOj Z'Z ' 




Z 








(r8,16-' ){d,2\) 


2 


= 2 


/ 








oZZ 


1 

i 


Z 


(r8, ej(_d, ej 


— 


Q 

o 


III 




e\if] 2*\ 

(,'8, t;i,a,Zjjj 








21' 


(r8,e)(t/, e') 




422 


2 


2'2*2'* 


(r8,2|)(t/,e) 








21' 


(r8,e')(fl',e) 




42'2' 


2 


2' 2* 2'* 


('-8,2^)(«',2^) 








21' 


(r8,e')(t/,e') 




4 


222 


2'2'2' 


('-8,21) (J, 6') 










('•8,e')(^,2*) 














2 


422 


4221' 


(r8,4|)(^;,2l) 




1 


822 


8221' 


(r8,8|)(J,2l) 




r, = i' 


822 


1 


1' 


(r8,e)(<;,e) 




8 


m 


21' 


(r8,e)(t/,2j) 




422 


2 


21' 


('"8,2f)(c/,e) 




42'2' 


2 


21' 


('"8,2f)(c/,2j) 




4 


222 


2'2'2' 


(r8,2j)((i,2.t) 




2 


422 


4221' 


(r8,4,)(J,2.0 




1 


822 


8221' 


(r8,8,)(J,2^) 














r, = 21' 


822 


1 


21' 


{n, e){d, e) 




8 


m 


2'2'2' 


{r^,e){d,2i) 




422 


2 


41' 


(r8,4j)(t/,e) 








2'2'2' 


(r8,2^)(c/, e) 




42'2' 


2 


2'2'2' 


(r8,2^)(c/,2j) 




4 


222 


4221' 


(r8,4,)(«'.2.0 










(r8,2j)(J,2^y) 


3 


2 


422 


8221' 


(r8,8,-)(J,2j) 


1 


1 


822 


(16)221' 


(r8,16.)(rf,2,-) 


2 








{r8,16^^)(^/.2f) 


2 


r, = /; 


8 


2 


n2*2* 


(r8,e)(<i,2|) 


6 


4 


222 


(2«)*2t2*t 


(r8,(2«)|)(^/,2]-) 


10 






n221' 


('-8, £')(«', 2|) 


6 


2 


422 


(4n)*2t2*1' 


(r8,(4n),)(flf,2l) 


9 


1 


822 


(8n)*2+2*t 


(r8,(8n)*)(fl',2l) 


7 
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Table 33: continued 





G/Ge 


r 


generators 


line 








(rs,(8n)r)(J,2l) 


8 


r, = «' 


8 


m 


n'2*2'* 


(r8,e)(c/,2?) 


6 


4 


222 


«221' 


('-8, 2*) 


6 


2 


422 


(2n)221' 


{r,,{2n)l){d,2l) 


10 


1 


822 


(4n)221' 


{n,{4nr,){d,2l) 


9 


r, = nl' 


8 


2 


«221' 


(r8,e)(t/,2.f) 


6 


4 


222 


(2«)221' 


('"8, {2n)i){d,2^) 


10 


2 


422 


(4n)221' 




9 


1 


822 


(8n)221' 


{r^,{8n),)id,2,) 


7 


{r,,{8n)i){d,2,) 


8 


= 222 


822 


1 


222 


{n,e){d,e) 


4a 


8 


m 


2'2'2' 


(r8,e)(c/, e') 


4fl 


422 


2 


2'2'2' 


(r8,e')(c/, e) 


4a 


4t2*2*t 


(r8,4l)(flf,e) 


5 


42'2' 


2 


2'2'2' 


(r8,e')(rf,e') 


4fl 


4 


222 


4221' 


{r8,4l)(rf.f') 


5 


r,. = 2'2'2 


822 


1 


2'2'2 


(r8,e)(<i, e) 


4 


8 


m 


2'2'2' 


{rs,e){d,e') 


4 


422 


2 


2'2'2' 


{rs,e'){d,e) 


4 


4t2*2*t 




5 


42'2' 


2 


2'2'2' 


{n,e'){d,e') 


4 


4 


222 


4221' 


{r,,4l){d,e') 


5 


= 2'2'2' 


822 


1 


2'2'2' 


(r8,e)(c/,e) 


4a 


422 


2 


4221' 


{r8,4z){d,e) 


5 
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Table 34: Explicit list of octagonal spin space-group types with G = 822 
on 5-lattices. The last column refers to line numbers in Table 13, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 



Ge G/Ge r 


generators 


line 


r, = 1 


822 


1 


1 


(r8,e)(c/, e) 




8 


2 


2* 


('•8,e)K2?) 




I' 


(r8,e)(c/, e') 




422 


2 


2* 


(''8,2*)(flf,e) 




1' 


(r8,e')(c/, e) 




42'2' 


2 


2* 


{n,2md,2l) 




1' 


ir^,e'){d,e') 




4 


222 


2*2t2*t 


ir,,2l){d,2l) 




21' 


('•8,21) (£/,£') 




('-8, £')(£/, 2?) 




{r^,2*){d,2'*) 




2 


422 


4*2t2t* 


(r8,4|)(t/,2l) 




1 


822 


8*2t2*t 


(r8,8|)(J,2l) 




(r8,8|*)(^/,2]-) 




r, = 2 


822 


1 


2 


(r8,e)(J,e) 




8 


2 


2*2*2 


('-8, 2*) 




21' 


(r8,e)(c/, e') 




422 


2 


2*2*2 


(r8,2|)(c/,e) 




21' 


(r8,e')(fl',e) 




42'2' 


2 


2*2*2 


('-8,2|)(fl',2|) 




21' 


{n,e'){d,e') 




4* 


(r8,4*)(J,4*) 




4 


222 


4*2t2*t 


('-8,4|)(rf,2l) 




('-8,2l)(rf,4|) 




(r8,4|)(flf,4;-*) 




2'2'2' 


('•8,2|)(^/,e') 




(r8,e')(«f,2|) 




(r8,2|)(^;,2i*) 




2 


422 


8*2t2*t 


('-8,8*)(«',2l) 




1 


822 


(16)*2t2*t 


(r8,16|)(«',2l) 


2 


{r,,16'*)id,2l) 


2 


r, = 2' 


822 


1 


2' 


(r8,e)(c/, e) 




8 


2 


2'2*2'* 


('•8,e)K2|) 




21' 


(r8,e)(c/, e') 




422 


2 


2'2*2'* 


('-8,2*)(^/,e) 




21' 


(r8, e')((i, e) 




42'2' 


2 


2'2*2'* 


(r8,2|)(J,2|) 




21' 


(r8,e')(t/,e') 




4 


222 


2'2'2' 


{n,2md,e') 




{r,,e'){d,2t) 




(r8,2|)K2-) 




2 


422 


4221' 


(r8,4|)(fl',2l) 




1 


822 


8221' 


('•8,8|)(«',2]-) 




r. = i' 


822 


1 


1' 


{r^,e){d,e) 


1 
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Table 34: continued 





G/Ge 


r 


generators 


line 


8 


2 


21' 


(rg, e)(c/,2£) 


1 


422 


2 


21' 


(rs,2,=)(«'.0 


1 


42'2' 


2 


21' 


('■8,2,)(^/.2,=) 


1 


4 


222 


2'2'2' 


(r8,2,)(fl',2^) 


1 


2 


422 


4221' 




1 


1 


822 


8221' 




1 


(r8,8|)(J,2,-) 


1 


= n 


8 


2 


n2*2* 


(r8,e)(c/,2|) 


5 


422 


2 


n2*2* 


('•8,2|)(«f,e) 


10 


4 


222 


(2«)*2t2*t 


ir,,{2n)l){d,2l) 


9 


n221' 


{n,2l){d,e') 


10 


{rs,e'){d,2l) 


5 


2 


422 


(4n)*2t2*1' 


{n,{4n),){d,2l) 


7 


1 


822 


(8n)*2t2*'f 


{n,{^n)l){d,2l) 


6 


{r,,{Sn)l*)id,2l) 


8 




8 


2 


n'2*2'* 


(r8,e)(c/,2|) 


5 


422 


2 


n'2*2'* 


{r&,2^){d,e) 


10 


4 


222 


n221' 


('-8,2*)(rf,6') 


10 


('-8,e')K2*) 


5 


2 


422 


(2n)221' 


(r8,(2n)|)(d,2l) 


5 


1 


822 


(4n)221' 


(r8,(4n)|)(J,2l) 


5 


r, = 2*2*2 


42'2' 


2 


4t2*2t* 


(r8,4|)(rf,4|) 


4 


4 


222 


4221' 


('•8,4l)(rf,4;-T) 


4 
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Table 35: Explicit list of octagonal spin space-group types with G = 82m 
on V-lattices. The last column refers to line numbers in Table 14, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 





G/G, 


r 


generators 


line 


r, = 1 


8ot2 


1 


1 


(r8,e)(<i, e) 




8 


2 


2* 


('=8,e)(a',2|) 








1' 


(r8,e)(t/, e') 




4mm 


2 


2* 










1' 


{h,e'){d,e) 




42'2' 


2 


2* 










1' 


(h,e'){d,e') 






222 


2*2'l'2*'l' 


(r8,2|)(flf,2l) 








21' 


{h,2*^){d,e') 










(h,e'){d,2^) 










(r8,2|)(J,2f) 




2 


422 


4*2t2t* 


(r8,4|)(fl!,2l) 




1 


8w2 


8*2t2*t 


(^8,8|)(J,2|) 










(r-8,8|*)(J,2|) 




r, = 2 


82ot 


1 


2 


(r8,e)(£i,e) 




8 


2 


2*2*2 


('=8,e)(^,2|) 








21' 


(r8,e)(c/, e') 




422 


2 


2*2*2 


(r8,2|)(c/,e) 








21' 


(r8,e')(<i, e) 




Am'm' 


2 


2*2*2 


(r8,2*)(rf,2|) 








21' 


(r8,e') («',£') 




4 


222 


4*2t2*t 


(r8,4*f)(rf,2l) 










(r8,2|)(«f,2;;) 








2'2'2' 












ih,e')id,2t) 










{-r,,2*){d,2*') 








41' 


{h,4t){d,e') 




2 


422 


8*2t2*t 


(P8,8|)(J,2|) 




r, = 2' 


8m2 


1 


2' 


{n,e){d,e) 




8 


2 


2'2*2'* 


ih,e){d,2t) 








21' 


(h,e){d,e') 




Amm 


2 


2'2*2'* 


(f8,2|)(<i,e) 








21' 


(f8,e')(c/, e) 




42'2' 


2 


2'2*2'* 


(r8,2|)(J,2*) 








21' 


(f8,e')Ke') 




4 


222 


2'2'2' 


('=8,2|)(flf,e') 










('=8,e')(«',2t) 










(f8,2|)(af,2^*) 




2 


422 


4221' 


(?8,4|)(d,2|) 




1 


8m2 


8221' 


(r8,8J)(^;,2|) 




r. = i' 


8m2 


1 


1' 


(r8,e)((i, e) 




8 


2 


21' 


(^=8, 2.) 




4mm 


2 


21' 


(r8,2j)(c/,e) 




42'2' 


2 


21' 


{h,2z){d,2i) 
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Table 35: continued 





G/G, 


r 


generators 


line 


4 


222 


2'2'2' 




1 


2 


422 


4221' 


(f8,4j)(d,2i) 




1 


8m2 


8221' 












(r-8,8|)(J,2,) 




r, = 2] 










82m 


1 


21' 


(r8,e)(J,e) 




8 


2 


2'2'2' 


(f8,e)(t/,2i) 




422 


2 


41' 


(f8,4,-)(d,e) 








2'2'2' 


(f8,2j)(J, e) 




Am'm' 


2 


2'2'2' 


(f8,2.f)(c/,2.f) 




4 


222 


4221' 


(f8,4,-)(d,2i) 










(P8,2;e)(J,2;^) 


2 


2 


422 


8221' 


(f8,8,-)(J,2;E) 


1 


Te = n 


4m'm' 


2 


n2*2* 


(^-8,2|)(J,2|) 


5 


4 


222 


(2n)*2t2*t 


(r8,2|(2«)?)(rf,2|) 


6 






n221' 


(r8,2^)(^;,2^') 


5 


r, = n' 


4m'm' 


2 


n'2*2*' 


(f8,2|)(^;,2|) 


5 


4 


222 


n221' 


(r8,2J)(^;,2|') 


5 


r<, = nl 










4m'm' 


2 


n221' 


(f8,2;E)(i;,2;E) 


5 


4 


222 


(2rt)221' 


(r8,2,-(2n),-)(J,2,-) 


6 


= 222 


82m 


1 


222 


{ri,eps){d,e) 


3a 


8 


2 


2'2'2' 


(rs, e), (c/, e') 


3a 


422 


2 


2'2'2' 


{n,e'){d,e) 


3a 






4*22* 


{hAt){d,e) 


4 


Am'm' 


2 


2'2'2' 


{h,e')(d,e') 


3a 


4 


222 


42'2'2' 


{hM){d,e') 


4 


= 2'2'2 


82ot 


1 


2'2'2 


{r^,eps){d,e) 


3 


8 


2 


2'2'2' 


(r8,e), {d,e') 


3 


422 


2 


2'2'2' 


{h,e'){d,e) 


3 






4*22* 


{hA*){d^^) 


4 


Am'm' 


2 


2'2'2' 


{h,e'){d,e') 


3 


4 


222 


42'2'2' 


(n,4l){d,e') 


4 


r, = 2'2'2' 


82m 


1 


2'2'2' 


{n,e){d,e) 


3a 


422 


2 


4221' 


(f8,4,-)(d,e) 


4 



Table 36: Explicit list of octagonal spin space-group types with G = 82m 
on 5-lattices. The last column refers to line numbers in Table 15, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 





G/G, 


r 


generators 


line 


r. = 1 


%2m 


1 


1 


(r^,(){d,e) 


1 


"8 


2 


2* 


{h,e){d,2l) 


1 
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Table 36: continued 





G/Gf_ 


r 


generators 


line 






1 






422 


2 


2* 




— j — 






1' 


(r8,e')(^'e) 




4m'm' 


2 


2* 


(r8,2|)(a!,2|) 








1' 


{h.('){d.e') 




4 


222 


2'<2T2'"T 


[h.l;){d.2\) 








21' 












{h.c'){d.2*) 










[h.2r){d.yf) 




2 


422 


4*2t2t* 


{h,Al){d,2]^ 




1 


8m2 


3*2t2*t 


irs,SI){dal) 










(f8,8|*)(flf,2l) 




r, = 2 


82m 


1 


2 


(r8,e)(m, e) 




8 


2 


4* 


(^=8, 4?) 








2*2*2 


ih,e){d,2*,) 








21' 


(h,€){d,e') 




422 


2 


4* 










2*2*2 


ih-2i)(d,e) 








21' 


iFff,e')id,e) 




Am'm' 


2 


4* 


ihA*)id,4*) 








2*2*2 


{h-2;){d,2;) 








21' 


{r&,e'){d,e') 




4 


222 


4*2t2*t 


{r,,4l){d,2l) 










ih,2WAt) 










ir,,2l){dX^) 








2'2'2' 


{h,2;)id,e') 










{h,e')id,21) 










{-r,,2l)is,2i) 








41' 


{hAtKd,e') 


3 








(r8,e')(c/, e) 


2 








(f8,4*)(fl',4,*') 


4 


2 


422 


g*2t2*t 


{h,^){d,2l) 


1 


r, = 2' 


82ot 


1 


2' 


(r8,e)(d, e) 




8 


2 


2'2*2'* 


('=8,e)(fl',2*) 








21' 


{rs,e){d,e') 




422 


2 


2'2*2'* 


ih,2md,e) 








21' 


(h,e'){d,e) 




Am'm' 


2 


2^2* 2'* 


{h.2Ud.2t) 








21' 


{h.('){d.(') 




4 


222 


2'2'2' 


ih,2md,e') 










{h.c')(d.2*,) 










[r,.2})(d.2'r) 




2 


422 


4221' 


(r8,4|)(rf,2l) 




1 


8w2 


8221' 


{h,md,2'^ 




r. = i' 


82m 


1 


1' 


{r%,t){d,€) 




8 


2 


21' 


{h,e){d,2,) 




422 


2 


21' 


{h,2z){d,e) 
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Table 36: continued 





GIG, 


r 


generators 


line 


Am'm' 


1 


21' 


(f8,2.)(fl',2=) 


1 


4 


222 


2'2'2' 


(f8.2,=)(r/,2,) 


1 


2 


422 


4221' 


i'^8.4=)(^/,2,j 


1 


1 


8m2 


8221' 


(r8,8j)(«f,2,-) 


1 


{h,^){d,2,) 


1 


Te = n 


82ot 


1 


n 




8 


8 


2 


nV 


(rs,e){d,e') 


8 


422 


2 


n\' 


(r&,e')(d,e) 


8 


Am'm' 


2 


n2*2* 


ih,2*)id2;) 


6 


nV 


{h,e'){d,e') 


8 


4 


222 


(2n)*2t2*t 


{-n,2l{2n)l){d,2h 


7 


n221' 


{F,,2*,){d,2t) 


6 


(2n)l' 


{r,,{2n)l){d,e') 


9 


Te = n' 


82m 


1 


n' 


ih,e')id,e') 


8 


8 


2 


nV 


{rs,e){d,e') 


8 


422 


2 


nV 


(f8,e')(i/,e) 


8 


Am'm' 


2 


n\' 


ih,e'){d,e') 


8 


n'2*2*' 


{-r,,2*){d,2*) 


6 


A 


222 


n22\' 


{h,2t){d,2;) 


6 


Ye = 2*2*2 


Am'm' 


2 


4*22* 


(r8,4;)(rf,4*) 


5 


A 


222 


4221' 


(r-8,4|)(^,4|') 


5 



Table 37: Explicit list of octagonal spin space-group types with G = 8/m 
on y-lattices. The last column refers to line numbers in Table 16, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 



Ge G/Ge r 


generators 


line 


r, - 1 


8/m 


1 


1 


(r8,e)(/i,e) 




8 


2 


2* 


('•8,e)(/j,2|) 




1' 


(r8,e)(/z,e') 




8 


2 


2* 


('•8,2|)(/i,2|) 




1' 


(^8,e')(/i,e') 




A/m 


2 


2* 


('•8,2|)(/i,e) 




1' 


(r8,e')(/z,e) 




A 


222 


2*2t2*t 


('•8,2|)(/!,2|) 




21' 


('•8,2|)(/!,e') 




('•8,e')(/j,2|) 




(r8,2*)(/i,2|') 




4 


4 


4* 


(r8,4|)(/!.2,) 




2/m 


4 


4* 


('■8,4|)(/z,e) 




2 


4/m 


41' 


('■8,4;)(/i,e') 




(r8,4*)(/z,2;-) 




2 


8 


8* 


{ri,^){Ke) 








1 


8 


8* 


{n,%i){h,2z) 
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Table 37: continued 





G/G, 


r 


generators 


line 








(r8,8|^)(/i,2=) 




1 


8/m 


81' 


Ml){h,e') 








(r8,8*)(/z,20 








r, = 2 


8/m 


1 


2 


(r8,e)(/!,e) 




8 


2 


2*2*2 


('-B, 2|) 




21' 






8 


2 


2*2*2 


('-8,2*)(/!,2|) 




21' 


(r8,e')(/^,e') 




4/m 


2 


4* 


('•8,4;)(/z,e) 




2*2*2 


('-8,2|)(/z,e) 




21' 


('•8,e')(/j,e) 




4 


2/m 


4*2t2*t 


('•8,4|)(/i,2l) 


2 


(r8,2])(/.,2t,T) 


2 


41' 


('•8,4*)(/z,e') 




2'2'2' 


(r8,2|)(m,e') 




(^8,e')(/j,2J) 




(r8,2|)(/i,2-) 




2/m 


4 


8* 


('•8,8|)(/i,e) 




Te = 2' 


8/m 


1 


2' 


(r8,e)(/!,e) 




8 


2 


21' 


('•8,e)(^,e') 




2'2*2'* 


('•8,e)(/j,2|) 




8 


2 


21' 






2'2*2'* 


M){K2i) 




4/m 


2 


21' 


{rs,e'){h,e) 




2'2*2'* 


('•8,21) (/;,£) 




4 


2/m 


2'2'2' 


(r8.2*)(/i,e') 




('-8,e')(/^,2|) 




(r8,2*)(/z,2-) 




4 


4 


41' 


(r8,4|)(/i,2,-) 




2/m 


4 


41' 


('•8,4|)(/z,e) 




2 


8 


81' 


('-8,8?')(/!,e) 




1 


8 


81' 


M){h,2,) 




r, = i' 


8/ot 


1 


1' 


(r&,e){h,e) 




8 


2 


21' 


(''8,e)(/z,2f) 




8 


2 


21' 


(r8.2=)(/7,2,=) 




4//)7 


2 


21' 


('■s.2,=)(/kO 




4 


2/m 


2'2'2' 


(r8,2,)(/!,2,) 




4 


4 


41' 


(r8,4,-)(/i,2,-) 




2/ot 


4 


41' 


(r8,4j)(^,e) 




2 


8 


81' 


(''8,8,)(/!,e) 




(r8,3^)(/z, e) 




1 


8 


81' 


(r8,8,)(/i,2,) 




(r8,8|)(/j,2,-) 




r, = 21' 


8/m 


1 


21' 


(r8,e)(/z,e) 


1 
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Table 37: continued 







i 


generators 


line 


o 
o 


z 


9/9/9/ 

L L L 




1 




o 




9'TT 
zzz 


( i'„ 1 \(h 9 
(,'8- ^.fJl"- Zfj 


1 
1 




z 


9/9/9/ 
zzz 


/ 9 1 (7, /, . 1 


1 
1 






41 ' 




1 
1 


A 


777 

zzz 




("ro Zl-V^ 7-^ 


9 

z 










2 




4 


81' 

1 


V'8) "zjvh 




r — 










« 

o 


2 


n2*2* 


(ro ?*)(h 7*^1 
V'8> A"> J 




4 


Ijm 


n221' 


I,' 8, t ^x) 


5 






('7H'l*7t7*t 
I Z/Z 1 z z 







i c — 


rt' 
n 








8 
o 


2 


n'2*2'* 






4 


Ijm 


n221' 


(r%,e')ih,2*-) 


5 




nV 








8 


2 


n221' 


Vol '-y V ' 


5 


4 


Ijm 


(2n)221' 


(rfi,2n9)(h,2f) 


6 




222 








8 //)? 


1 


222 


(/■«.( )(/?. ( ) 


3fl 


8 


2 


2'2'2' 


(rg, e){h, e') 


3fl 


8 


2 


2'2'2' 


('•8,e')('j,e') 


3a 


4/m 


2 


2'2'2' 


(^8,e')(^,e) 


3a 






4t2*2*t 


('■8,4|)(/i,e) 


4 


4 


2/m 


4221' 


{r,,4l){h,c') 


4 


r. = 


2'2'2 








8/ot 


1 


2'2'2 


{rg,e){h,e) 


3 


8 


2 


2'2'2' 


{n,e){h,e') 


3 


8 


2 


2'2'2' 




3 


4/m 


2 


2'2'2' 


('■8. 


3 






4T2*2*T 


('-8,4l)(/z,e) 


4 


4 


2/m 


4221' 


('•8,4l)(/i,e') 


4 


r, = 


2'2'2' 








4/m 


2 


4221' 


(r8,4j)(/i,e) 


4 



Table 38: Explicit list of octagonal spin space-group types with G = S/m 
on 5-lattices. The last column refers to line numbers in Table 17, where 
the possible phase functions are listed, and rules are given to generate the 
spin space-group symbol. 





G/Ge 


r 


generators 


line 


r, = 


1 






8/m 


1 


1 


(r8,e)(/i,e) 




8 


2 


2* 


{n,e)ih,2^) 








1' 


{r,,e){h,e') 




8 


2 


2* 


('-8,2?)(/i,2|) 








1' 


(r8,e')(/^,e') 




4/m 


2 


2* 


('-8, 2; )(/!,£) 








1' 






4 


222 


2*2t2*t 


(r8.2?){/7,2T) 








21' 


(/■8,2^)(//,r') 
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Table 38: continued 







i 


generaiois 


line 












I,' 8- ^= A''' J 


— - — 


4 


4 


4'" 




— 1 — 


2 1 YtX 




4* 




— - — 


2 


4/m 


41' 


('•8,4|)(/i,e') 








2 


8 


8* 






(r8,8|-')(/i,e) 




1 


8 


8* 


(r8,8|)(/i,2,) 




(r8,8r)(/!,2,) 




1 


8/m 


81' 


(''8, 8; )(/!,£') 




('-8,8;^)(/z,e') 




(r8,8|)(/i,20 




('•8,8r)(/t,20 




r, = 2 


8/m 


1 


2 


(r8,e)(/z,e) 




8 


2 


2*2*2 


(r8,e)(/z,2|) 




21' 


(r8,e)(/z, e') 




8 


2 


2*2*2 


(r8,2|)(^,2|) 




21' 


(r8, £')(/!,£') 




4/m 


2 


4* 


(rs.4^)(/7,r) 




2"2"2 


(/■s.2;)(/;,0 




21' 


('-8,e')(/j,e) 




4 


2/m 


4*2t2*t 


(r8,4|)(/i,2]-) 


2 


(r8,2l)(/i,2:-J) 


2 


41' 


(r8,4|)(/z, e') 




2'2'2' 


(r8,2|)(m,e') 








(r8,2|)(/i,2-) 




2/m 


4 


8* 


M){h,e) 




r, = 2' 


8/m 


1 


2' 


(r8,e)(/!, e) 




8 


2 


21' 


(''8, £)(/!,£') 




2'2*2'* 


('-8,e)(/^,2*) 




8 


2 


21' 


('-8,e')(/^,0 




2'2*2'* 






4/m 


2 


21' 


(n,e')(h,e) 




2'2*2'* 


('-8,2;)(/z,6) 




4 


2/m 


2'2'2' 


('•8,2^)(/i,6') 




('•8,0 (/^,2|) 




(r8,2|)(/z,2-) 




4 


4 


41' 


(r8,4|)(/i,2j) 




2/m 


4 


41' 


(r8.4^)(/7,f) 




2 


8 


81' 


('■8,8?)(/;,0 




1 


8 


81' 


(r8,8i)(/j,2,-) 




r. = i' 


8/m 


1 


1' 


{ri,e){h,e) 




8 


2 


21' 


(r8,e)(/z,2j) 




8 


2 


21' 


(r8,2.)(/i,2.) 




4/m 


2 


21' 


(r8,2|)(/z,e) 





continued on next page 



research papers 



Table 38: continued 





G/G, 


r 


generators 


line 


4 


2/m 


2'2'2' 


(r8,2.)(/!,2,-) 




4 


4 


41' 


('■8.4,)(/i.2,) 




2/m 


4 


41' 






2 


8 


81' 


('"8,8f)(/i,e) 




('•8,3|)(/i,e) 




1 


8 


81' 


(r8,8j)(/i,2,-) 




{rs,8l){h,2z) 






8 


2 


n2*2* 




4 


8 


2 


«2*2* 


(r8,2|)(/i,2|) 


6 


4 


2/m 


«221' 


('■8,e')(/j,2|) 


4 


(r8,2|)(/i,27) 


6 


(2n)*2t2*t 


(r8,2«^)(/!,2]) 


5 


(r8,2T)(/t,(2n),2*T) 


7 


r, = «' 


8 


2 


n'2*2'* 


(r8,e)(/j,2i) 


4 


8 


2 


«'2*2'* 


('-8,2|)(/!,2*) 


6 


4 


2/m 


«22r 


(r8.c')(/7.2;) 


4 




6 


r, = 2*2*2 


4/ot 


2 


4t2*2*t 


{nA\){h,e) 


3 


4 


2/m 


4221' 


('•8,4|)(/t,e') 


3 



Table 39: Explicit list of octagonal spin space-group types with G = 
S/mmm on V -lattices. The last column refers to line numbers in Table 18, 
where the possible phase functions are Usted, and rules are given to gen- 
erate the spin space-group symbol. 





G/G, 


r 


generators 


line 


r, = 1 


8/mmm 


1 


1 


(r8,e)(m,e)(/z,e) 




Smm 


2 


2* 


(r8,e)(m,e)(/z,2|) 








1' 


(r8,e)(m,e) (/;,£') 




822 


2 


2* 


(r8,e)(m,2*)(/!,2*) 








1' 


(r8,e)(m,e')(/z,e') 




8/8 


2 


2* 


(r8,e)(m,2|)(/z,e) 








1' 


(r8,e)(m,e')(/!,e) 




8ot2 


2 


2* 


(r8,2*)(m,e)(/z,2|) 








1' 


(r8,e')(m,e)(/i,e') 




82m 


2 


2* 


(r8,2J)(m,2|)(/j,2|) 








1' 


(r8,e')(m,e')(/i,e') 




4 /mmm 


2 


2* 


(r8.2*)(m.f)(/7,f) 








1' 


(/■s. (')(/«. ()(/kO 




A/mm'm' 


2 


2* 


(r8,2|)(m,2|)(/i,e) 








1' 


(r8,e')(m,e')(/i,e) 




8 


222 


2*2t2*t 


(r8,e)(m,2|)(/i,2l) 








21' 


(r8,e)(m,2?)(/z,e') 










(r8,e)(m,e')(/i,2|) 










(r8,e)(m,2|)(/j,2|') 




8 


222 


2*2t2*t 


(r8,2J)(m,2l)(/i,2|) 
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Table 39: continued 





G/G, 


r 


gcncralors 


line 








(r8,2=;J(m, e )[h,2,) 




(ro f'\(m 7*)lh f') 




(ro 7*\(m 7*'\(h 7*^ 
l^rg, Zj;^w,Zj j(,n,Zjj 


— ^ — 


4mm 


222 


2*2+2*1' 


(r8,2=;j(m, e)(/!,2^-j 




zl 


{rs,2^)[m,e)[h,e ) 




v8) t e;^^«, Z| J 






— 1 — 


4m'm' 


2 


2*2'l'2*'l' 




— - — 


Zl 


(,'^8,2=; j(_m,Zj e j 




("ro f'Mrn f'\ih 


— i — 




— — 


422 


222 


2*2t2*t 


{n,2,){m,2^){h,2^) 




zl 


I,- ^'\(U 

(;^,Z=)[m,e )(n,e ) 




(r-i f'](m 2*](h 7*) 


— — 


(r«,2*)(m,2*')(h,T-') 


— — 


42'2' 


222 


2*2+2*"'" 


V' " • -c A'" • --V / v" • -Av / 




21' 




— J — 


fr« f'Vm 2*)(h 2*') 


— J — 


V'8'— -/V , /V / 


— j — 


4/m 


222 


2*2t2*t 


('ro 9*Vi-i-i 9l^V/7 e\ 
V&T^Z. ) V ' -E A"i 


— - — 


21' 


(ro 2-)(m e')(h e) 




(r8,e')(m,2?)(^,e) 




{rs,2l){m,2l'){h,e) 




4 


2'2'2! 


2'2'2' 


(r8,2|)(m,2])(/!,e') 




(r8,2|)(m, £')(/!, 2]) 


1 


(r8,e')(m,2*)(/!,2]) 


1 


(r8,2',)(m,2,-)(/i,2,-) 


1 


(r8,2^)(m,2t)(/!,2v) 


1 


(r8,2,.)(m,2.f)(/2,2'=) 


1 


(r8,29(m,2;-)(/!,2',) 




(r8,2|)(m,2|')(/!,2]) 




(r8,2|)(m,2l)(/!,2|') 




(r8,2l)(m,2|)(/i,2|') 




4 


422 


4*2t2*t 


(r8,4*)(m,2l)(/!,2.) 




2/m 


422 


4*2t2*t 


(r8,4J)(m,2l)(/i,e) 




2 


4221' 


4221' 


(r8,4|)(m,2l)(/i,e') 




(r8,4|)(m,e')(/z,2l) 




(r8,4|),(m,2l)(/z,2^T) 




(r8,4|)(m,2l)(/i,2;T) 




(r8,4|)(m,20(/i,2]-) 




(r8,4*)(m,2])(/!.20 




2 


822 


3*2t2*t 


(r8,8|)(m,2l)(/i,e) 




(r8,8|)(m,2l)(/z,e) 




1 


922 


g*2t2*t 


(r8,8?)(m,2T)(/j,2,-) 




(r8,8f)(m,2l)(/!,2,) 




1 


%jmmm 


8221' 


(r8,8|)(m,2l)(/i,e') 




(r8.8*^)(m,2T)(/,,f') 




(/■8,8?)im. (')(/;. 21) 




(r8,8f)(m,e')(/z,2l) 
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Table 39: continued 





G/G, 


r 


gcncralors 


line 








(r8,8|)(m,2l)(/!,27) 




(r8,8f)(m,2l)(/z,2;T) 




(r8,8|)(«,2l)(/i,2;T) 




(r8,8f)(m,2]-)(/j,2^i^) 




(r8,8*)(m,29(/!,2]) 




(r8,8f)(m,20(/i,2l) 




(r8,8|)(m,2l)(/i,2;-) 




r, = 2 


S/mmm 


1 


2 






SfHfTl 


2 


2*2*2 




— J — 


21' 


(rs, e)(m, e)(/z, e') 




822 


2 


2*2*2 


(r8,e)(m,2|)(/i,2|) 


1 


21' 


(r8,e)(m,e')(/i,e') 


1 


8/ot 


2 


2*2*2 


(r8,e)(m,2|)(/i, e) 


1 


21' 


{rg,e){m, e'){h, e) 


1 


8m2 


2 


2*2*2 


(r8.2*)(m,e)(/z,2|) 


I 


21' 


(r8,c')(OT, e)(/i, e') 


1 


82ot 


2 


2*2*2 


(r8,2|)(m,2*)(/z,2*) 


1 


21' 


(r8,e')(m, £')(/!,£') 


1 


4/mmm 


2 


4* 


(r8,4|)(m, £)(/!, e) 




2*2*2 


(r8,2*)(m,e)(/!,e) 


1 


21' 


(r8,e')(m, e)(/z, e) 


1 


A 1 mm! ml 


2 


2*2*2 


(r8,2|)(m,2|)(^,e) 


1 


8 


222 


4*2t2*t 


(r8,e)(m,4*)(/!,2l) 




2'2'2' 


(r8,e)(m,2|)(/i,e') 


1 


(/-8,e)(m,e')(^,2|) 


1 


(r8,e)(m,2*)(/z,2-) 


1 


8 


222 


2'2'2' 


(r8,2;)(m,e')(/i,2;) 


1 


(r8,e')(m,2|)(/j,e') 


1 


(r8,2*)(m,2-)(/i,2|) 


1 


4mw 


222 


4*2t2*t 


(r8,4*)(m, £)(/!, 2]-) 




(r8,2l)(m,6)(/z,2:-;) 




2'2'2' 


(r8,2|)(m,e)(/i,e') 




(r8,e')(m,e)(/z,2|) 




(r8,2;)(«,e)(/i,2^*) 




41' 


(r8,4f)(m,e)(/i,e') 




4m'm' 


222 


4*2t2*t 


(r8,4|)(m,4|)(/i,2]-) 




2'2'2' 


(r8,2|)(m,2|)(/i,e') 




(r8,e')(m,e')(/i,2J) 




(r8,2*)(m,2*)(/z,2-) 




422 


222 


4*2t2*t 


(r8,4|)(m,2l)(/i,2l) 




(r8,2l)(m,2;j)(/i,2:-;) 




2'2'2' 


(r8,2*)(m, £')(/!,£') 




(r8,e')(m,2|)(/i,2|) 




(r8,2|)(m,2^*)(/i,2^*) 




41' 


(r8,4?)(m, £')(/!,£') 




42'2' 


222 


4*2t2*t 


(r8,2l)(m,4*)(/z,2*^) 




2'2'2' 


(r8,2*)(m,e')(/!,2^) 




(r8,c:')(m.2|)(/z,2-) 




{r8,2|)(m, 2-) (/!,£') 
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Table 39: continued 





G/G, 


r 


generators 


line 


4/ot 


222 


4*2t2*t 


(r8,4*)(m,2])(/!,e) 


1 


{rf,,ll){m,Tj^) 


4 


2'2'2' 


{r,,i;){m,e'){h,e) 


1 


(r8,e')(m, 2*)) (/!,£) 


1 


ir,,l*)im,l'/)ih,e) 


1 


41' 


{r^AI){m,e'){h,e) 


4 


4 


2/mmm 


4221' 


(r8,4|)(m,2l)(/2,e') 


1 


(r8,4|)(m,e')(/z,2l) 


5 


(r8,e')(m,4J)(/i,2l) 


2 


(r8,4|)(m,4f)(/i,2l) 


6 


(r8,4|)(m,2l)(/!,2J) 


3 


(r8,2j)(m,2l)(2J) 


5 


(r8,2l)(m,4|')(A,2^T) 


6 


(r8,2])(m,2;;T)(^,e') 


4 


(r8,2])(m,6')(/z,2;T) 


3 


Ijni 


All 


g*2t2*t 


(r8,8*)(m,2l)(/z,e) 




2 


4/mmm 


8221' 


(r8,8|)(m,2T)(A,e') 




2 


822 


(16)*2t2*t 


{rs,l6l){m,2l){h,e) 




{r,,16f){m,2l){h,e) 




1 


S/mmm 


(16)221' 


(r8,16;)(m,2])(/z,e') 




(r8,16f)(m,2l)(/i,e') 




r, = 2' 


%/mmm 


1 


2' 


(r8,e)(m,e)(/!,e) 




^mm 


2 


2^2*2''* 


(r8.c)(m.f)(/7.2|) 




21' 


(/■8.()(m.0(/'-f'j 




822 


2 


2'2*2'* 


(r8,e)(m,2|)(/i,2|) 




21' 


(r8,e)(m,e')(/i, e') 




8/m 


2 


2'2*2'* 


(r8,e)(m,2|)(/^, e) 




21' 


(rs, e)(m, e')(/!, e) 




8m2 


2 


2'2*2'* 


(r8,2|)(m,e)(/i,2|) 




21' 


{r,,e'){m,e){h,e') 




82ot 


2 


2'2*2'* 


(r8,2*)(m2*)(/z,2|) 




21' 


(r8,e')(m,e')(/z,e') 




4/mmm 


2 


2'2*2'* 


(r8,2|)(m,e)(/z, e) 




21' 


(r8,e')(m, e)(/z, e) 




A/mm'm' 


2 


2'2*2'* 


(r8,2|)(m,2|)(/i,e) 




21' 


{rs,e'){m, e'){h, e) 




8 


222 


2'2'2' 


(r8,e)(m,2|)(/i,e') 




(r8,e)(m, £')(/!, 2|) 




(r8,e)(m,2|)(/z,2-) 




8 


222 


2'2'2' 


(r8,2*)(m,e')(/!,2*) 




(r8,e')(m,2*)(/!,e') 




(r8,2|)(m,2-)(/z,2|) 




Amm 


222 


2'2'2' 


(r8,2*)(m,e)(/i,e') 




(r8,e')(m,e)(/i,2|) 




(r8,2|)(m,e)(/i,2-) 




4m'm' 


222 


2'2'2' 


(r8, 2* )(m, 2* )(/!,£') 




{rs,e'){m,e'}{h,l*) 




{r,,i;)im,i;){h,i';) 
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Table 39: continued 





G/Ge 


r 


generators 


line 




zzz 


ZZZ 


[rii,Zf)[m, e )[n,e ) 




(ra e')(m 2*)(h 2*-) 


— — 


(n,2i)(m,2'^*)(h,2'^*) 




42'2' 


222 


2'2'2' 


irs,2*)im,e')ih,2'*) 




{r,.e'){,n.2mh.2'n 




{r,.2t){m.2^){h.<') 




4/m 


222 


2'2'2' 


(r8,2|)(m,e')(/i,e) 




{r,.c')(m.2r){h.e) 




{r,.2t){m.2^^){h.O 




4 


422 


4221' 


(r8,4|)(m,2l)(/!,2,) 




2/m 


422 


4221' 


(r8,4|)(m,2l)(/i,e) 




2 


822 


8221' 


(r8,8|)(m,2T)(/i,e) 




1 


822 


8221' 


(r8,8|)(m,2T)(;j,2,-) 




r, = 1' 


8/mmm 


1 


1' 


{rs,e){m,e){h,e) 




8mm 


2 


21' 


(r8,e)(m,e)(/i,2j) 




822 


2 


21' 


(r8,e)(m,2j)(/z,22) 




8/w 


2 


21' 


(r8,e)(m,2j)(/i,e) 




8m2 


2 


21' 


(r8,2f)(m, e)(/z,2f) 




82m 


2 


21' 


(r8,2.)(m,2.)(/z,2,) 




A/mmm 


2 


21' 


(r8,22)(m,e)(/z,e) 




4/mm'm' 


2 


21' 


(r8,22)(m,2|)(/z,e) 




8 


222 


2'2'2' 


(r8,e)(m,22)(/z,2^) 




8 


222 


2'2'2' 


(r8,2,)(m,2,)(/z,2.) 




4mm 


222 


2'2'2' 


(r8,2j)(m,e)(/i,2;t) 




4m'm' 


222 


2'2'2' 


(/-8,2,-)(m,2,-)(;i,2;E) 




422 


222 


2'2'2' 


(r8,2,)(m,2,-)(/!,2.f) 




42'2' 


222 


2'2'2' 


(r8.2,=)(m.2f)(/i.2,) 




4/ni 


222 


2'2'2' 


(/■8.2=j(/». 2.,) (/;.() 




4 


422 


4221' 


(r8,4,)(m,2,-)(/i,2,-) 




2/m 


422 


4221' 


(r8,4j)(m,2i)(/i, e) 




2 


822 


8221' 


(r8,8j)(m,2f)(/j,e) 




(r8,8|)(m,2,-)(/z,e) 




1 


822 


8221' 


('"8,8f)(m,2^-)(/z,2j) 




{n,SI){m,2,){h,2,) 




r, = 21' 


S/mmm 


1 


21' 


{n, e)(m, e)(/i, e) 




8mm 


2 


2'2'2' 


(r8,e)(m, e)(/i,2j;) 




822 


2 


2'2'2' 


(r8,e)(m,2^-)(/z,2i:) 




8/ot 


2 


2'2'2' 


(r8,e)(m,e)(/z,2;E) 




8m2 


2 


2'2'2' 


(r8,2i)(m, e)(/i,2i:) 




82m 


2 


2'2'2' 


(r8,2j;)(m,2j;)(/z,2^) 




4/mmm 


2 


41' 


(r8,4j;)(m, e)(/z, e) 




2'2'2' 


(r8,2.f)(m, e)(/z, e) 




2'2'2' 


(r8,2j.)(m,2j;)(/i, e) 




8 


222 


4221' 


(r8,e)(m,4.)(/!,2.e) 


2 


4OTm 


222 


4221' 


(r8,4.)(m,e)(/!,2.f) 


5 


(r8,2j:)(m, e)(/!,2^-v) 


3 


4m'OT' 


222 


4221' 


(r8,4.)(m,4j)(/z,2,,) 


6 


422 


222 


4221' 


{r&Az){m,2jc){h,2^) 


3 
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G/G, 


r 


generators 


line 








(r8,2.f)(m,2,fy)(/z,2^y) 


5 


42'2' 


222 


4221' 


(r8.2v)(m.4,)(/2.2vv) 


6 


4/m 


222 


4221' 


(/•h, 4=) (m. 2.0 


1 








(r8,2.f)(OT,2iy)(/z, e) 


4 


2/m 


422 


8221' 


('"8,8z)(m,2;e)/i, e) 


1 


2 


822 


(16)221' 


(r8,16j)(m,2jE)(;j,e) 


1 








(r8,16|(m,2^)(/i,e) 


1 


Ye=n 


8mm 


2 


n2*2* 


(r8,e)(m,e)(/j,2|) 


9 


8 


222 


n221' 


(r8,e)(m,e')(/i,2|) 


9 






(2n)*2t2*t 


(r8,e)(m,2«|)(/z,2t) 


10 


4mm 


222 


n221' 


(r8,e')(m,e)(/z,2|) 


9 






(2n)*2t2*t 


(r8,2«;)(m,e)(/i,2]-) 


11 


4m'm' 


222 


«221' 


(r8,e')(m,e')(/!,2*) 


9 






(2n)*2t2*t 


(r8,2n|)(m,2nJ)(/!,2]) 


12 


4 


2'2'2! 


(2n)221' 


(r8,2n|)(m,e')(/i,2]) 


11 








(r8,e')(m2«?)(/i,2l) 


10 








(r8,2n|)(m,24*)(/t,2T) 


12 


r, = n' 


8mm 


2 


n'2*2'* 


(r8,e)(m,e)(/z,2|) 


9 


8 


222 


n221' 


(r8,e)(m, £')(/!, 2|) 


9 




222 


n221' 


(r8.6')(m.£){/2,2*) 


9 


Am' in' 


222 


«221' 


(/■h. (')('"•<')(/'• 21) 


9 


Te = nV 


8 


222 


(2n)221' 


(r8,e)(/i, {/2n)i){h,2i) 


10 


4mm 


222 


(2n)221' 


{rs,{2n)i){m,e){h,2ic) 


11 


4m'm' 


222 


(2n)221' 


(r8,(2n)j)(m, (2n),-)(/i,2,-) 


12 


r, = 222 


%lmmm 


1 


222 


(r8, e)(OT, e)(h, e) 


7fl 


8mm 


2 


2'2'2' 


(r8,e)(m,e) (/;,£') 


la 


822 


2 


2'2'2' 


(r8,e)(m, e')(/z, e') 


la 


8/m 


2 


2'2'2' 


(r8,e)(m, e')(/z, e) 


la 


8m2 


2 


2'2'2' 


(r8,e')(m, e)(/z, e') 


la 


82m 


2 


2'2'2' 


(r8,e')(m,e')(/z,e') 


la 


4/mmm 


2 


2'2'2' 


(r8,e')(m, e)(/i, e) 


la 






4t2*2*t 


(r8,4l)(m,e)(/j, e) 


8 


A/mm'm' 


2 


2'2'2' 


(r8, e')(m, e')(/!, e) 


la 


4mm 


222 


4221' 


(r8,4|)(m,e)(/i,e') 


8 


422 


222 


4221' 


(r8,4|)(m,e')(/z,e') 


8 


4/m 


222 


4221' 


{r,,4l){m,e'){h,e) 


8 


r, = 2'2'2 


8/mmm 


1 


2'2'2 


(r8,e)(m,e)(/z, e) 


7 


8mm 


2 


2'2'2' 


{rs,e){m,e){h, e') 


7 


822 


2 


2'2'2' 


(r8,e)(m, e')(/z, e') 


7 


8/m 


2 


2'2'2' 


(r8,e)(m,e')(/i, e) 


7 


8m2 


2 


2'2'2' 


(r8,e')(m,e)(/j,e') 


7 


82ot 


2 


2'2'2' 


(r8,e')(m, £')(/!,£') 


7 


4/mmm 


2 


2'2'2' 


(r8,e')(m,e)(/z,e) 


7 






4t2*2*t 


(r8,4|)(m,e)(/z,e) 


8 
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Table 39: continued 





G/G, 


r 


generators 


line 


A/mm'm' 


2 


2'2'2' 


(r8,e')(m,e')(/z,e) 


7 


4mm 


222 


4221' 


(r8,4|)(m,e)(/i,e') 


8 


422 


222 


4221' 


(r8,4|)(m,e')(/z,e') 


8 


4/m 


222 


4221' 


{H,4\){m,e'){h,e) 


8 


r, = 2'2'2' 


4/mmm 


2 


4221' 


{r&Az){m,e){h,e) 


8 



Table 40: Explicit list of octagonal spin space-group types with G = 
8 /mmm on 5-lattices. The last column refers to line numbers in Table 19, 
where the possible phase functions are listed, and rules are given to gen- 
erate the spin space-group symbol. 





r 


generators 


line 


r. = 1 


8 /mmm 


1 


{rs,e){m,e)ih,e) 




8mm 


2* 


{n,e){m,e)[h,2,) 




1' 


(rx. c.){m, c){h. c') 




822 


2" 


(/■8.0('".2=)(/;.2^j 




1' 


(r8,e)(m,e')(/!,e') 




8/m 


2 


(rx. f 2= )(«• c) 




1' 


(/■8. 0('"' f f ) 




8m2 


2* 


(r8,2,-)(m,e)(/z,2j-) 




1 


(r8,e')(m,e)(/i, e') 








l'^8,^j JlWj^f j 




1' 


{n,e')im,e'){h,e') 




4/mmm 


2* 


(r8,2|)(m,e)(/i,e) 




1' 


(r8,e')(m,e)(^,e) 




4/mm'm' 


2* 


(r8,2*)(m,2|)(/z,e) 




1' 


(r8,e')(OT, e')(/z, e) 




8 


2*2+2*+ 


{n,e){m,2;){hal) 




21' 


(r8,e)(m,2*)(/!,e') 




(r8,e)(m,e')(/z,2|) 




(r8,e)(m,2|)(ft,2|') 




8 


2*2+2*+ 


(r8,2|)(m,2+-)(/z,2|) 




21' 


(r8,2*)(m.6')(/z,2|) 




(r8,e')(m,2|)(/i,e') 




(r8,2J)(m,2|')(^,2J) 




4mm 


2*2+2*+ 


(r8,2*)(m,e)(/!,2|) 




21' 


(r8.2*)(m.f)(/7.f:') 




(/•h. (')(/», 0(/'.2|) 




(r8,2|)(m,e)(/z,2|') 




4m'm' 


2*2+2*+ 


(r8,2|)(m,2|)(/i,2l) 




21' 


(r8,2?)(m,2|)(/i,e') 




(r8,e')(m,e')(/z,2:) 




(r8,2|)(m,2*)(/!,2*') 




422 


2*2+2*+ 


(r8,2|)(m,2l)(/i,2l) 




21' 


(r8,2?)(m,e')(/z,e') 




(r8,e')(m,2|)(/i,2?) 




(r8,2|)(m,2r)(/i,2r) 




42'2' 


2*2+2*+ 


(r8,2|)(m,2+)(;j,2t+) 
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Table 40: continued 





r 


generators 


line 




21' 


frs 2*Vm e')(h 2^^') 




fr» e')(m 2*)(h 2-') 


— J — 


fr« 2?')fm 2^')(h e') 


— J — 


4/m 


2*2t2*t 




— ^ — 


21' 


fra 2?Km e'Mh e) 

V o ' z / V ' / V ' / 


— — 


(r8,e')(m,2n(^,e) 




(r8,2*)(m,2*')(/!,e) 


1 


4 


2'2'2' 


(r8,2|)(m,2]-)(/z,e') 


1 


(r8,2|)(m,e')(/z,2l) 


1 


(r8,e')(m,2^)(/2,2l) 


1 


(r8,29(OT,2i:)(/z,23;) 


1 


(r8,2,)(m,2;-)(/z,2,-) 


1 


(r8,2,-)(m,2,)(/z,2i) 


1 


(r8,20(m,29(/!,2',) 




(r8,2*)(m,2?')(/z,2l) 




(r8,2*)(m,2l)(/i,2|') 




(r8,2l)(m,2|)(/z,2|') 




4 


4*2t2*t 


(r8,4*)(m,2l)(/!,2j) 




2/m 


4*2t2*t 


(r8,4J)(m,2l)(/z,e) 




2 


4221' 


(r8,4|)(m,2l)(/i,e') 




(r8,4|)(m, £')(/!, 2]-) 




(r8,4*),(m,2])(/!,2;T) 




{nM){m,2l){h,2'^) 




(r8,4|)(m,29(^,2T) 




(r8,4*)(m,2l)(/i,20 




2 


g*2t2*t 


(r8,8|)(m,2l)(/!,e) 




(r8,8|)(m,2l)(/i,e) 




1 


g*2t2*t 


(r8,8|)(m,2l)(/j,2,-) 




(r8,8f)(m,2])(/i,22) 




1 


8221' 


(r8,8*)(m,2l)(/!,e') 


1 


(r8.8*^)(m.2l)(/z,f') 




(/•8.8?)(,».f')(/;.2lj 




(r8,8f)(m,e')(/i,2l) 




(r8,8|)(m,2l)(/z,2;T) 




(r8,8f)(m,2l-)(/z,27) 




(r8,8|)(m,2]-)(/!,2;) 




(r8,8f)(m,2l)(/z,2;) 




(r8,8|)(m,20(/i,2]) 




(r8,8f)(m,29(/i,2l) 




(r8,8|)(m,2l)(;i,20 




r,^2 


S/mmm 


2 


(r8,e)(m,e)(/i,e) 




8mm 


2*2*2 


(r8,e)(OT,e)(/z,2|) 




21' 


(r8,e)(m,e)(/z,e') 




822 


2*2*2 


(r8,e)(m,2|)(/i,2|) 




21' 


(r8,e)(m,e')(^,e') 




8/ot 


2*2*2 


(r8,e)(m,2|)(/z,e) 




21' 


(r8,e)(m,e')(/z, e) 
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r 


generators 


line 


8m2 


2*2*2 


(r8,2j)(m,e)(/z,2_j) 




21 


(rx. c 6)(/7, f ) 




82m 








21' 




— ^ — 


4 /mmm 


2*2*2 


('8- Zf j(m. c)[li. e) 


— - — 


Z 1 


[la- < < jl,"- < ) 




4/mm'm' 


4* 


(n, 4*)(m 4*](h f) 




2*2*2 


(ra 2*)(m 2*)(h f) 


— J — 


8 


4*2t2*t 


(r8,ej(m,4jj(/i,2^) 




L L L 


[r%,t)[m,l^){h,e ) 




(re Aim f'Mh 2*\ 


— 


fro fVm 2*)(h 2'*) 


T 


8 


4*2t2*t 






L L L 










frs 2?Vm 2'*'l('/! 2i") 

v8)ZxA'",z^ y(^«,z^; 




4mm 


4*2t2*t 






2'2'2' 


[n,2j^)[m, e)(h, e ) 




(r8,e ej(ft, Z^j 




fr« 25: gV/j 2'-*^ 




Am'm' 


4*2t2*t 


Crs 4?Vm 4?'l('/i 2^-) 
yaj^z) v"' 7 V"' ^a: 




2'2'2' 




1 


(ro f')(m f')(h 2*) 
I,' 8j t ) [."h t A"; -^x) 


T 


(tq 2*)(m 2*\(h 2'*) 


T 


41' 


(ro 4*1 fm 4*)(h f') 




422 


4*2t2*t 


fr« 2''')('m 2*'^)(h 2*'^) 




2'2'2' 


(rs,2?)(m,e')(/z, e') 





frs e')fm 2?)f/! 2*) 




frx 2'?)fm 2'*)f/! 2'*) 

V 8- ^x / V"'5 ^X /V"5^X 7 




42'2! 


4*9t9*t 

T- ^ ^ 


Cj-c A*\(m ?^)(h 2*^\ 
(,'8, 't-f jl'W, z^J z^-y ) 




(r8,2^-)(m,4^-)(/z,2^ j 




2'2'2' 


f'ro 2*\{m f'MVi 2'*\ 
l'8)^xJl'"'^ A"'^x J 




V 8 J 1^ 7 V'"7 ^x ) V"i ^x / 





(r8,2|)(m,2^*)(/i, e') 




41' 


(r8,4J)(m,4f)(;i,e') 




4/m 


4*2t2*t 


(r8,4*)(m,2l)(/!,e) 


X 


(r8,2l)(m,4|)(/i,e) 




2'2'2' 


(r8,2|)(m,e')(/z,e) 


1 


(r8,e')(m,2|))(/z,e) 


1 


(r8,2t)(m, 2- )(/!,£) 




41' 


(r8,4|)(m,4;-*)(^,e) 


5 


4 


4221' 


(r8,4|)(m,2l)(/i,e') 


1 


(r8,4|)(m, £')(/,, 2]) 


6 


(r8,2l)(m,4|)(/i,e') 


5 


(r8,e')(m,4|)(^,2T) 


2 


(r8,4*)(m,4f)(/z,2l) 


7 


(r8,2l)(m,2;T)(^,2;;) 


3 


(r8,2;T)(m,2l)(2iT) 


6 


(r8,2l)(m,4|')(/^,2^0 


7 
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Table 40: continued 





r 


generators 


line 






(rB,4|')(m,2])(/z,2:j) 


3 


2/m 


8*2t2*t 


(r8,8|)(m,2l)(/i,e) 




2 


8221' 


(r8,8|)(m,2l)(/j,e') 




2 


(16)*2t2*t 


(r8,16|)(m,2l)(/j,e) 




(r8J6f)(m,2l)(/z,e) 




1 


(16)221' 


(r8,16|)(m,2])(/i,e') 




(r8,16f)(m,2l)(/z,e') 




r, = 2' 


8 jimmn 


9' 

z 


(rs, €){m, e)(h, e) 




8mm 


2'2*2'* 


(rs, ej(,m, ej(,rt, z^j 




21' 


(r8, e)(OT, e)(/z, e') 




OZZ 


Z Z Z 


9*\f'/i 9*\ 
(r8,ej(m,2^-j(/z,2^j 


I 


21' 


(n, <^)(m, e )(n, e ) 




8/m 


2'2*2'* 


(r8,ej(m,Z^j(/i, ej 




Zl 


(r8, e)(m, e')(/z, e) 




8m2 


2'2*2'* 


9*^/'IM c\(U 9*^ 




21' 


(r8,e j(OT, e^/i, e j 




ozm 


Z Z Z 


(r8,2j)(m2j)(/!,2^-) 




21' 


('8- Jl'w. (■ ) 




4/mmm 








Zi 






4/mm'm' 


2'2*2'* 


(r8,2^j(m,2^)(/z,ej 




21' 


{r%,e ){m,e ){n,e) 




8 


2222 2 2 


(r8,e)(m,2|)(/z,e') 


J 


('r„ ffVm <='V^ 9*^ 

KTii ^)vn, e z^j 




fr«,e)(m,2?)f^,2'-*) 


— 


8 


2'2'2' 


(r8,2*)(m,e')(/z,2|) 




(r8,e')(m,2|)(/i,e') 


1 


(r8,2|)(m,2i*)(^,2|) 




4mm 


2'2'2' 


(r8,2|)(m,e)(/i,e') 




(r8,e')(m,e)(/i,2|) 




(r8,2|)(m,e)(^,2C*) 




4m'm' 


2'2'2' 


(r8,2*)(m,2|)(/i,e') 




(r8,e')(m,e')(/z,2|) 




(r8,2*)(m,2*)(/i,2^*) 




422 


2'2'2' 


(r8,2*)(m,e')(/z,e') 




(r8,e')(m,2|)(/i,2|) 




(r8,2|)(m,2r)(/i,2^*) 




42'2' 


2'2'2' 


(r8,2|)(m, £')(/,, 2^*) 




(r8,e')(m,2|)(/i,2^*) 




(r8,2|)(m,2r)(/i,e') 




4/m 


2'2'2' 


(r8,2*)(m,e')(/z,e) 




(r8,e')(OT,2^)(/!,e) 




(r8,2|)(m,2^*)(/z,e) 




4 


4221' 


(r8,4|)(m,2l)(ft,2,-) 




2/m 


4221' 


(r8,4|)(m,2l)(/!,e) 




2 


8221' 


(r8,8|)(m,2l)(/i,e) 




1 


8221' 


(r8,8|)(m,2l)(/i,2,) 




r, = i' 


S/mmm 


1' 


(r8,e)(OT,e)(/i,e) 


1 
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Table 40: continued 





1 


generdiors 


line 


Slum 




(rg, e)(m, e){h,2i) 


1 
i 


899 
OZZ 


91 ' 
Z 1 


fi'.. A fill 1 \{h 1 \ 


1 
i 


S /in 


9 1 ' 
Z 1 




1 
i 


8 111 9 


91 ' 

Zi 


( i-„ 9 Vi-i-i c\(h 9 


1 
i 


oZm 


91 ' 
Zl 


("j-n 9 A /'•II 9 ^^'^7 9 A 


1 
i 


/I / >M 


91' 

Zl 


l'^8,zjj(,m, ej;^«, ej 


1 
i 


4 / jwn'jTi' 


91 ' 
Zi 




1 
i 


Q 



9/9/9/ 
z z z 




1 
i 


Q 



9/9/9/ 

z z z 




1 
i 


4WOT 


9/9/9/ 

z z z 




1 
i 


4m'm' 


2'2'2' 


(r8,22)(m,22)(/i,2j) 


1 


422 


2'2'2' 


('"8,2f)(m,2j;)(/z,2i) 


1 


42'2' 


2'2'2' 


(r8,2j)(m,2;E)(/z,23;) 


1 


4/ot 


2'2'2' 


(r8,2|r)(m,2e)(/!,e) 


1 


4 


4221' 


(r8,4,)(m,2.f)(/!,2,) 


1 


2/m 


4221' 


(r8,4,)(m,2.f)(/!,e) 


1 


2 


8221' 


(r8,8j;)(m,2f)(/!,e) 


1 






(r8,8,^)(m,2,)(/z,e) 


1 


1 


8221' 


{r^,%i){m,2x){h,2t) 


1 






{r^,^){m,2,){h,2i) 


1 


Eg = « 


?>min 


/;2-'-2"- 


(r^.i)(ni,i)[h.r,) 


9 


82m 


n2*2* 


(r8,2?)(m,2?)(/z,2?) 


13 


8 


n221' 


(r8,e)(m,e')(/i,2|) 


9 




(2n)*2t2*t 


(r8,e)(m,2n?)(/z,2t) 


10 


8 


n221' 


(r8,2*)(m,2-)(/z,2*) 


13 


4OTm 


«221' 


(r8,e')(m, £)(/!, 2|) 


9 




(2n)*2t2*'f 


(r8,2n|)(m,e)(/z,2t) 


11 


4m'm' 


n221' 


(r8,e')(m,e')(/z,2|) 


9 






(r8,2*)(m,2*)(/z,2^*) 


13 




(2n)*2t2*t 


(r8.2;2^)(m.2n*)(/7.2|;) 


12 


422 


/!221' 


(/■H.2i)(/»2-)(/,.2^^0 


13 




(2n)*2t2*t 


(r8,2l)(m,(2«j)2r)(/j,(2n,-)2*T) 


15 


4 


(2n)221' 


(r8,2n|)(m,e')(/z,2t) 


11 






(r8,e')(m2n|)(/z,2l) 


10 






(r8,2n|)(m,24*)(/j,2]-) 


12 






(r8,(2n,-)2]-)(m,2|)(^,2^*) 


14 


r, = n' 


8mm 


n'2*2'* 


(r8,e)(m,e)(^,2?) 


9 


82m 


n'2*2'* 


(r8,2*)(m,2*)(/z,2*) 


13 


8 


n221' 


(r8,e)(m,e')(/z,2*) 


9 


8 


n221' 


(r8,2|)(m,2-)(/z,2|) 


13 


4mm 


n221' 


(r8,e')(m,e)(/z,2?) 


9 


4m'm' 


n221' 


(r8,e')(m,e')(/z,2;) 


9 


422 


n221' 


(r8,2|)(m,2^*)(/z,2^*) 


13 


= 2*2*2 




4t2*2*t 


(r8,4|)(m,4T)(/z,e) 


8 


4w'ot' 


4221' 


(r8,4|)K4T)(/z,e') 


8 


42'2' 


4221' 


(r8,4|)(m,4^T)(;j^,/) 


8 
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r 


generators 


line 


4/m 


4221' 




8 



